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Abstract: In a previous paper, it has been reported that fingerprint pattern are related to 
the distribution of veins under the skin. Since the blood transfers heat to living skin, it is 
possible to infer the direction of blood flow by observing the timing of the rise in 
temperature of each part of the skin surface of a precooled finger using thermography. Blood 
flow patterns were compared to the pattern of vein distribution of standard fingerprint 
shapes, such as the loop, whorl, and arch. A similar study has been conducted for a case of 
fingerprint mismatch between the left and right hands. This research clarified that the 
ridges of fingerprints are closely related to the subcutaneous blood flow, and the 
subcutaneous blood flow is related to the venous running patterns.  
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1. ॻݶ 

غ໴ͺɼଽਫ਼ࢨ 7-12 ु໪͟ΘΉͲͶ׮੔ͤΖͳ͏ΚΗͱ͏Ζ͗[1]ɼ֦ࢨ͹ࢨ໴͹ܙয়
͗ʹ͹Γ͑͵ߑؽͶًҾ͢ͱรԿͤΖ͹͖ɼै ෾͵ઈ໎ͺ͏Ήͫ͵͠Ηͱ͏͵͏ɽ઎Ͷըʓ
ͺɼ੼֐તল໎ૹ஖ͳ੼֐તΩϟϧΝ༽͏ͱൿԾ͹੫ຼ෾ා͗ࢨ໴͹ܙͳືંͶؖ࿊͢ͱ
͏Ζ͞ͳΝๅ[2]ͪ͢ࠄɽৼଃΏ୉ಊຼΏ୉੫ຼ͵ʹकགྷ͵१ح؂͹ഓ஖ͺɼ൅ਫ਼͹ॵغஊ
֌ͶҒ஖ҪఽࢢͶΓͮͱ݀ఈ͠ΗΖ͗ɼ຦୼͹໡݄ࡋ؇Ώ݄ࡋ؇৿ਫ਼ͺɼ݄؇಼֐͹͠Ή
͡Ή͵ڧ؂ড়݇౵ͶΓͮͱรԿͤΖ͞ͳ͗எΔΗͱ͏Ζ[3, 4]ɽൿԾ͹੫ຼ෾ා͹ҩ͏͗ɼ
য়ͶรԿ͗ਫ਼ͣͱ͏Ζ͹Ͳͺ͵͏͖ͳܙΝ༫͓ͱɼڻ͹ൿԾ͹݄ӹ͹ླྀΗͶӪغ੔ܙ໴ࢨ
͏͑͞ͳͺ༲ҝͶ૟଀ͤΖ͞ͳ͗Ͳ͘Ζ͗ɼͨΗΝৄ໎ͤΖͶͺ݄ླྀΝ؏ࡱͲ͘Ζಝच͵
ૹ஖͗චགྷͲ͍Ε[5]ɼඉ৙ͶࠖೋͳࢧΚΗͪɽ͖͢͢ɼ݄ӹ͗࢐ોΏӭ཈੔෾Ώ࿟ഉ෼͹
Ά͖Ͷɼ೦ΦϋϩάʖΝӣ΁͞ͳ͗எΔΗͱ͏Ζ͞ͳ͖ΔɼϪ΢όʖݳে͹ਏஇಋ༹[6]ɼ
੼֐તγʖϠήϧϓΡʖͲ͍Δ͖ͣΌྮࢨͪ͢٭͹ൿේන໚Իౕ͹յ෰รԿΝ࣎ܨదͶ؏
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Ώଐ͠ΝਬఈͤΖ͞ͳ͗Ͳ͘Ζ͹޴Ζ͞ͳͶΓͮͱɼൿԾ͹݄ӹΏૌ৭ӹ͹ླྀΗ͹๏ͤࡱ
Ͳͺ͵͏͖ͳ͓ߡΔΗͪɽࠕյɼ͍Δ͖ͣΌྮͪ͢͠٭Ή͡Ή͵ܙ͹ࢨ໴Νࢨͯ࣍͹ൿේ
න໚Իౕ͹࣎ܨదรԿΝ੼֐તγʖϠήϧϓΡʖͲ؏ͪ͢ࡱͳ͞Θɼࢨ໴͹͟ܙͳͶ໎Δ
͖͵ҩ͏͗೟ΌΔΗɼͨΗͺΉͪɼൿԾ͹੫ຼ෾ාͳ΍ືંͶؖ࿊͢ͱ͏Ζ͞ͳ͗໎Δ͖
Ͷ͵ͮͪɽΉͪɼҲൢͶɼࠪӊ͹ࢨ͹ࢨ໴͹ܙ͹Ҳ஗ི͗߶͏͞ͳ͗எΔΗͱ͏Ζ͗ɼಝ
Ͷࠪӊ෈Ҳ஗ྭͶͯ͏ͱ΍ಋ༹͹ݗ౾Νͪͮߨɽͨ͹݃ՎɼൿԾ੫ຼ෾ා͹ҩ͏ͶΓͮͱ
͕͞ΖൿԾ͹݄ӹΏૌ৭ӹ͹ླྀΗ͹๏޴Ώଐ͠͹ҩ͏͗ɼࢨ໴͹ཾત͹ܙͶ͠Ή͡Ή͵ώ
ϨΦʖεϥϱΝਫ਼ͣͦ͠ͱ͏Ζ΍͹ͳ͓ߡΔΗͪ͹ͲๅͤࠄΖɽ  

2. ଲেͳ๏๑ 

2.1. ଲে 

ൿේ໴ཀྵʤࢨ໴ʥ͹஦Ͳɼ࠹΍ఱܗద͵ఛয়໴ɼӖয়໴ɼٹয়໴ྭΝ؏͢ࡱɼർֳݗ౾
ͪ͢ɽΉͪɼࠪӊ͹घ͹ࢨ͹ࢨ໴෈Ҳ஗ྭ̑ྭͶͯ͏ͱൿේන໚͹ԻౕรԿͳൿԾ੫ຼ෾
ාΝ؏ͪ͢ࡱɽ  

2.2. ๏๑ 

a) ৏ࢨࢸන໚ԻౕรԿ͹؏ࡱ  
৏ࢨ֦ࢸΝ͍Δ͖ͣΌතਭ஦Ͷ਼෾ؔਃͪ͢͹ͬɼਭ෾Ν৩͘खΕɼγʖϠήϧϓΡʖʀ
γʖϠάΠ G120ʤNEC Avio ੼֐તτέόϫζʖ, ౨ښʥΝ༽͏ͱɼ৏ࢨ֦ࢸ͹ঢଈ຦
ઇ͹න໚ԻౕรԿʤ଎ఈԻౕઅఈ൥ҕʁ20-��ˈʥΝ࣎ܨదͶࡳӪͪ͢ɽ  
b) ৏֦ࢨࢸ຦ઇ͹ൿේ໴ཀྵ؏ࡱͳൿԾ݄؇෾ා͹؏ࡱ  
৏ࢨ֦ࢸঢଈ຦ઇ͹ൿේ໴ཀྵΝ೓ءͲ؏ࡱ෾ྪͪ͢ޛɼൿԾ͹݄؇෾ාΝۛ੼֐તड़ྙ
LED ΢ϩϝϋʖνʖʤഀௗ  850 nm, ೖ਒ుۂ޽ࢢ, ౨ښʥͳϜέϫϪϱθ L6000ʤΦ
χϠϱχΨϕτΡέη  ζϡϏϱ , ౨ښʥΝૹ஥ͪ͢੼֐ત CCD ΩϟϧʤXC-E150, 
SONY, ೖຌʥΝ༽͏ͱࡳӪͪ͢ɽ৏ࢸ͹֦ࢨ຦ઇ͹ഐଈʤ௼ଈʥ຤ͺ෴ଈͶ΢ϩϝϋʖ
νʖΝື஥ͦ͠ͱল໎͢ɼൕଲଈ͖ΔࡳӪͪ͢ʤFig. 1ʥɽ  
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Fig. 1: Analysis of dinamic infrared thermography and blood vessel distribution. The 
dinamic infrared thermography of pre-cooling finger was performed using the infrared 
thermographic aparatus, and the obsevation of blood vessel distribution was performed in 
the dark chamber using the near infrared LED illumination and infrared CCD camera.  

3. ݃Վ 

৏ࢨࢸ຦ઇ͹ࢨ໴͗ఛয়໴ɼӖয়໴ɼٹ;ٶয়໴Ͳ͍ΖྭʤFig. 2AʥͶͯ͏ͱɼ͍Δ͖
ͣΌ֦ࢨΝතਭ஦Ͳྮޛͪ͢٭ɼӀ͘৏͝ͱɼγʖϠήϧϓΡʖͲࢨঢଈන໚Իౕ͹յ෰
รԿΝ࣎ܨదͶ؏͢ࡱɼࡳӪͪ͢ʤFig. 2Bʥɽఛয়໴Ͳͺɼ੼֐તγʖϠήϧϓΡʖͲঢଈ
ൿේන໚͹ԻౕรԿΝ؏ͤࡱΖͳɼΉͥॵΌͶࢨ຦ઇ͹஦ԟ෉ۛ຤ͺ઎୼෉ۛͲൿේන໚
Իౕ͗৏ত͢ɼ͏࣏Ͳࠪఛয়໴Ͳͺ຦ઇࠪଈͶɼӊఛয়໴Ͳͺ຦ઇӊଈͶԻౕ৏তҮ͗ड़
֐লࣻͳ੼ޭ֐ɽͨ͹ൕଲଈ྘Үͺ͢ͻΔ͚ஙΗͱൿේන໚Իౕ͗৏তͪ͢ɽۛ੼ͪ͢ݳ
ત CCD ΩϟϧͶΓͮͱൿԾ͹݄؇෾ාΝ؏ͤࡱΖͳɼ੼֐તγʖϠήϧϓΡʖͲ઎ͶԻ
ౕ৏ত͹ݡΔΗͪࢨ຦ઇ͹ࠪΉͪͺӊ୼ঢଈ୊Ҳؖઇ෉ۛ͹ൿԾͶଢ͏੫ຼ֮͗೟͠Ηͪɽ 
Ӗয়໴Ͳͺɼ੼֐તγʖϠήϧϓΡʖͲঢଈൿේන໚͹ԻౕรԿΝ؏ͤࡱΖͳɼΉͥॵ

ΌͶࢨঢଈ຦ઇ஦ԟ෨ͲԻౕ৏ত͗࢟ΉΕɼ͖ͨ͞ΔबҕͶ͗߁ΖΓ͑ͶԻౕ͗৏ত͢ɼ
஦ઇͶ͖ͮ޴ͱർֳదࠪӊώϧϱηΓ͚Իౕ৏তҮ͗֨୉ͪ͢ɽۛ੼ޭ֐লࣻͳ੼֐ત
CCD ΩϟϧͶΓͮͱൿԾ͹݄؇෾ාΝ؏ͤࡱΖͳɼࢨ຦ઇ͹ঢଈ஦ԟ෨Ͷ໡݄ࡋ؇ືॄ
ͶًҾͤΖͳࢧΚΗΖ͏ࠉӪ͗೟ΌΔΗɼͨ ͞Ͷࠪӊ͖Δ̐ຌ͹ଢ͏੫ຼ͗ۛͰ͏ͱ͏ͪɽ 
ΖͳɼΉͥॵͤࡱ؏તγʖϠήϧϓΡʖͲঢଈൿේන໚͹ԻౕรԿΝ֐য়໴Ͳͺɼ੼ٹ

ΌͶࢨ຦ઇ஦ԟ෨ͲԻౕ৏ত͗࢟ΉΕɼͨ ͖͞Δ຦ઇસରͶࠪӊώϧϱηΓ͚͗ͪͮ͗߁ɼ
͵͖͵͖஦ઇͶ͗߁Δͥɼ຦ઇͳ஦ઇ͹ؔ͹Իౕ৏ত͗ஙΗΖܑ͗޴೟ΌΔΗͪɽۛ੼֐
ޭলࣻͳ੼֐ત CCD ΩϟϧͶΓͮͱൿԾ͹݄؇෾ාΝ؏ͤࡱΖͳɼӖয়໴Ͷർ΄ͱΏΏ
Ӫ͗೟ΌΔΗɼ͖ͨ͞Δଢ͏݄͏ࠉΚΗΖࢧͶًҾͤΖͳॄື؇݄ࡋ઎୼ଈ஦ԟ෨Ͷ໡ࢨ
؇͗ྈଈͶ৵;ͱ͏ͪɽͪͫ͢ɼ͞͹ଢ͏݄؇Νࢨଈ໚͖Δ؏ͤࡱΖͳɼӖয়໴Ͷർ΄ͱ
ΓΕ਄͏௼ଈͶ͍Ζ͞ͳ͗໎Δ͖Ͷ͵ͮͪɽ  
તγʖϠήϧϓΡʖɼ֐ɼ੼ܙ໴͹ࢨ໴෈Ҳ஗ྭ̑ྭͶͯ͏ͱɼಋ༹ͶࢨͶɼࠪӊ͹࣏

ۛ੼֐તলࣻͶΓΖൿԾ੫ຼ෾ාͶͯ͏ͱർֳ͢ɼͨ͹େනྭΝࣖͪ͢ʤFig. 2Cʥɽ͞͹
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ྭͲͺࠪӊ͹୊ᶚࢨ͹ࢨ໴Ͷҩ͏͗ݡΔΗͪɽࠪଈ͗ٹয়໴͹஦ԟ෨Ͷϛίρφ͹͍Ζ͏
ΚΑΖ༙ଽٹয়໴Ͳɼӊଈ͗ఛয়໴͹஦ԟ෨Ͷϛίρφ͹͍Ζ͏ΚΑΖ༙ଽఛয়໴Ͳ͍ͮ
ͪɽ੼֐તγʖϠήϧϓΡʖͲ͍Δ͖ͣΌྮࢨͪ͢٭͹ൿේන໚Իౕ͹รԿΝ؏ͤࡱΖͳɼ
༙ଽٹয়໴ͲͺɼॵΌͶࢨ຦ઇ஦ԟ෨ͲࣾΌͶยͮͱԻౕ৏ত͗࢟Ήͮͪ͗ɼ஦ઇଈͶ޴
͖ͮͱԻౕ৏তҮͺࠪӊͶͪͮ͗߁ɽۛ੼֐તলࣻͳ੼֐ત CCD ΩϟϧͶΓͮͱൿԾ͹
੫ຼ෾ාΝ؏ͤࡱΖͳɼࢨঢଈ຦ઇ͹஦ԟ෨Ͷ໡݄ࡋ؇ືॄͶًҾͤΖͳࢧΚΗΖ͏ࠉӪ
͗೟ΌΔΗɼࠪӊ͖Δ஦ԟ෨Ͷ 2ʛ3 ຌ͹݄؇͗ॄΉͮͱ͏Ζ͹͗؏͠ࡱΗͪɽଈ໚͖Δ
ɽҲ๏ɼ༙ͪ͢ࡑࢆ͗؇݄͵ΗͥɼસରͶ෈໎ྐ͠ࡱ؏ΖͳɼࠪӊͶ໎ྐ͵݄؇ͺͤࡱ؏
ଽఛয়໴Ͳͺɼ͍Δ͖ͣΌྮࢨͪ͢٭͹ൿේන໚Իౕ͹รԿΝ੼֐તγʖϠήϧϓΡʖͲ
ɼͨ͗ͪͮ͗߁ΉΕɼ࢟຦ઇ஦ԟ෨ͲࣾΌͶยͮͱԻౕ৏ত͗ࢨΖͳɼॵΌͶͤࡱ؏ ͹ޛɼ
஦ԟ෨͹Իౕ৏তҮΝ͢࢔ͱɼ஦ઇͶ͖ͮ޴ͱࠪӊͶ෾ͪ͢زɽۛ੼֐તলࣻͳ੼֐ત
CCD ΩϟϧͶΓͮͱൿԾ͹੫ຼ෾ාΝ؏ͤࡱΖͳɼ຦ઇ஦ԟ෨ʤ༙ଽ໴஦ԟ෨ʥͶଢ͏݄
؇͗ॐͶૺΕɼԻౕ৏তҮ͹෾زͶԌ͑Γ͑Ͷ۸͢ۄͱ͏ͪɽଈ໚͖Δ؏ͤࡱΖͳɼӊଈ
Ͷർ΄ͱࠪଈͶଢ͏݄؇͗؏͠ࡱΗͪɽଠ͹ࠪӊ෈Ҳ஗ 2 ྭͺɼ୊ᶚ༙͗ࢨଽఛয়໴ͳఛ
য়໴ɼ୊ᶛ͗ࢨӖয়໴ͳ༙ଽఛয়໴͹ྭͲ͍ͮͪ͗ɼ੼֐તγʖϠήϧϓΡʖ͹݃Վɼఛ
য়໴ɼӖয়໴ྭͺ Fig. 2B ͹ఱྭܗͳɼΉ༙ͪଽఛয়໴ྭͺɼ෈Ҳ஗େනྭʤFig. 2Cʥ͹
΍͹ͳྪࣇ͹Իౕ৏তϏνʖϱΝࣖͪ͢ɽ  

 



 

t 5 t 

 

 
Fig. 2: Fingerprint, dinamic infrared thermography, and blood vessel distribution of the palm 
side surface of a finger end segment. A, Fingerprint pattern. a: right loop; b: left loop; c: whorl; 
d: arch. B, Dinamic infrared thermography and blood vessel distribution of fingers with different 
fingerprint patterns. C,  Index fingers, ᶚ , surrounded by a white line in this image: fingerprint 
mismatch between the left and right fingers. Middle fingers, ᶛ��ORRSs; ring fingers, ᶜ��ZKRUOs. 
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 ࡱߡ .4

ͽͳΕͽͳΕࢨ໴͹ܙͺҡ͵ͮͱ͕Εɼ੊ֆͶͽͳΕͳ͢ͱಋͣंͺ͏͵͏ͳ͠ΗΖɽ
͖͢͢ɼͨ͹ࢨ໴͹͗ܙʹ͹Γ͑Ͷ͢ͱ݀ΌΔΗΖ͹͖Νઈ໎ͪ͢࿨ชͺΆͳΞʹ͵͏ɽ
੔Ͷͯ͏ͱͺɼ.ÝFNHQܙ໴Ν੔ͤ౵ֶؔ͹ཾતࢨ ͳ Newell ͗ɼཾતܙ੔࣎͹خఊࡋ๖૜
͹࣏ࠫద੔ௗͳঢଈϏρχ͹ୂߨͶଲͤΖఏ߇ͶΓͮͱ༢಍͠ΗΖͳͤΖઈΝ఑঑͢ͱ͏
Ζ͗[7]ɼ෵ࡸ͵ཾતܙ੔͹ઈ໎ͳ͢ͱै෾ͳͺ͓ݶ͵͏ɽ઎Ͷըʓͺɼࢨ໴͹ܙͳൿԾ͹
੫ຼ෾ා͹ؔͶҲఈ͹ؖ࿊੓͍͗Ζ͞ͳΝๅ[6]ͪ͢ࠄɽൿԾ͹੫ຼ෾ා͹ҩ͏͗ɼൿԾ͹
݄ӹΏૌ৭ӹ͹ླྀΗ͹๏޴Ώଐ͠Ͷҩ͏Νਫ਼ͣͦ͠ɼࢨ໴͹ཾત͹ૺΖ๏޴ͶӪڻΝ༫͓
ͱ͏ΖՆ೵੓Νݗ౾ͤΖͪΌɼ੼֐તγʖϠήϧϓΡʖΝ༽͏ͱɼ͍Δ͖ͣΌྮ͢٭ͱ͕
ɽͨ͹݃Վɼఛয়໴Ͳͺɼൿේන໚Իౕ͗ͪ͢ࡱ؏ঢଈ͹ൿේන໚͹ԻౕรԿΝࢨ֦ͪ͏
૥͚৏তͤΖଈͶཾત͗ླྀΗΖΓ͑Ͷૺ͢ߨͱ͏ͪɽൿේන໚Իౕ͗૥͚৏তͤΖͳ͏͑
͞ͳͺɼͨͬΔଈͶ݄ӹΏૌ৭ӹ͗ླྀΗͱ͏Ζ΍͹ͳ͓ߡΔΗΖ͗ɼͨ͞Ͷͺർֳదଢ͏
੫ຼ͗෾ා͢ͱ͏Ζ͞ͳ͗໎Δ͖Ͷ͵ͮͪɽ໡݄ࡋ؇Ώࡋ੫ຼͶɼۛ๥͹ಊຼͶ༟པͤΖ
ૌ৭ӹ͗खΕࠒΉΗͱ͕Ε[8]ɼΫϡϒϧϨʖϗρχ͖Δࡋ੫ຼͶ͖͑޴ૌ৭ӹ͹ླྀΗ͗ਫ਼
ͣͱ͏Ζ΍͹ͳ͓ߡΔΗͪɽӖয়໴Ͳͺɼ຦ઇ஦ԟ෨͖ΔԻౕ͗৏ত࢟͢Όɼͨ͹৏তҮ
͗຦ઇ͖Δ஦ઇ΃ͳർֳదώϧϱηΓ͚ͪͮ͗߁ɽ຦ઇ஦ԟ෨Ͷͺ໡݄ࡋ؇͗ືͶ෾ා͢
ͱ͕Εɼ຦ઇबว෨͖Δͨ͹஦ԟ෨Ͷ݄ӹΏૌ৭ӹ͗ླྀΗࠒΊɼͨ͞ͶӖ͹஦ৼ͗Ͳ͘ͱ
͏Ζ΍͹ͳ͓ߡΔΗͪɽٹয়໴Ͳͺɼ຦ઇ઎୼ଈ͹ൿේන໚ԻౕͺଐΏ͖Ͷ৏তͤΖ͗຦
ઇԾଈͳ஦ઇ͹ؔ͹Իౕ৏তͺஙΗΖܑ޴Νࣖͪ͢ɽٹয়໴͹຦ઇ஦ԟ෨ͶͺӖয়໴ಋ༹ɼ
໡݄ࡋ؇͗ືͶ෾ා͢ͱ͕Εɼͨ͹஦ԟ෨Ͷ݄ӹΏૌ৭ӹ͗ླྀΗࠒ΋͗ɼ͖ͨ͞ΔबวͶ
໴෈Ҳ஗ࢨΔΗͪɽࠪӊ͹͓ߡͱ͏Ζ΍͹ͳͮ͵͚کͶɼࠪӊ΃͹ླྀΗ͗ͥͦࢆ౵Ͷ֨ۋ
ྭͶͯ͏ͱ΍ɼཾત͹ૺߨͶԌ͑Γ͑ͶԻౕ৏তً͗͞Εɼ͞͹Իౕ৏তҮΝཬ෉͜ΖΓ
͑ͶൿԾ੫ຼ͗෾ා͢ͱ͕Εɼ͞͹੫ຼ෾ා݄͗ӹΏૌ৭ӹ͹ླྀΗΝࡠΕɼཾત͹ૺߨͶ
Ӫ͢ڻͱ͏Ζ΍͹ͳ͓ߡΔΗͪɽ  
Ґ৏͹݃Վ͖Δɼ઎Ͷๅͪ͢ࠄΓ͑Ͷࢨ໴͹ܙͳൿԾ͹੫ຼ෾ා͹ؔͶͺືં͵ؖ͗ܐ

͍Εɼͨ͹ݬҾͳ͢ͱͺɼ໡݄ࡋ؇͖Δࡋ੫ຼ΃ͳखΕࠒΉΗΖૌ৭ӹʤ݄ᕸʥ͹ླྀΗ͗
ཾત͹ૺߨͶӪڻΝٶ·͢ͱ͏Ζ΍͹ͳ͓ߡΔΗͪɽ͠Ή͡Ή͵Ҫఽබͳࢨ໴෾ා͹ยΕ
͹ؖ࿊੓͗ๅ͠ࠄΗͱ͏Ζ͗[9]ɼ१ܧح؂͹઎ళదҪఽద࣮׳Ͷ൒݄͑ླྀଐౕ͹รԿΏ݄
؇৿ਫ਼ҡ৙͵ʹ͗ɼൿԾ͹݄ӹΏૌ৭ӹ͹ླྀΝรԿͦ͠ɼཾતૺߨͶӪڻΝٶ·͢ͱ͏Ζ
͹Ͳͺ͵͏͖ͳ͓ߡΔΗͪɽҪఽබͲͺɼࢨ໴෾ා͹ยΕ͹Ί͵Δͥɼا૮͹รԿ΍ๅࠄ
͠Ηͱ͕Ε[10, 11]ɼ͞ ΗΔ͹ا૮͹รԿ΍ࢨ໴ͳಋ༹ɼൿԾ੫ຼ෾ාΏ݄ӹ೬ౕ͹รԿͶ
൒݄͑ӹΏૌ৭ӹ͹ླྀΗ͹รԿͶًҾ͢ͱ͏Ζ͖΍͢Η͵͏ɽޛࠕɼAI ͹൅ୣ౵ͶΓͮͱɼ
ସదಝ௅͖Δɼ͠Ή͡Ή͵ҪఽదϨηέϓΟένʖΏ঳য়րવ͹ͪΌܙ૮͵ʹ͹ا໴Ώࢨ
͹৿͢͏ྏ࣑๑͗൅͠ݡΗΖ͞ͳ͗غଶ͠ΗΖɽ  
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<RVKLKLUR�<DPDJXFKL 

�-�-���.RNXEXQMLGDL-&KXR��,FKLKDUD��&KLED����-������-DSDQ 
 

(2021 ೧ 5 ݆ 17 ೖण෉ɾ2021 ೧ 6 ݆ 5 ೖणཀྵ) 

 

Abstract: The two-dimensional area-preserving map ܶ including one parameter ܽ��ሺ൒ Ͳሻ is 

considered. It is assumed that ܶ is integrable at ܽ ൌ Ͳ and the Smale horseshoe ܪ exists at 

ܽ ൒ ܽ௖ு. The bifurcation processes of the period-doubling bifurcation studied in this paper are 

classified into the following four types (Types I-IV). Type I: The elliptic periodic orbit 

undergoes only the ordinary period-doubling bifurcation and becomes a saddle orbit with 

reflection in ܪ. Type II: The elliptic periodic orbit undergoes the ordinary period-doubling 

bifurcation, the reverse period-doubling bifurcation and the equi-period bifurcation in this 

order and becomes a saddle orbit in ܪ. Type III: The saddle periodic orbit undergoes the 

reverse equi-period bifurcation and the ordinary period-doubling bifurcation in this order 

and becomes a saddle orbit with reflection in ܪ . Type IV: The saddle periodic orbit 

undergoes the reverse equi-period bifurcation, the ordinary period-doubling bifurcation, the 

reverse period-doubling bifurcation and the equi-period bifurcation in this order and 

becomes a saddle orbit in ܪ. Using the typical periodic orbits, we discuss the properties of 

four types. The code of the daughter periodic orbit appearing through the (reverse) 

period-doubling bifurcation is determined. The codes of two daughter periodic orbits 

appearing through the (reverse) equi-period bifurcation are also determined. The cause of 

the occurrence of four types is elucidated. 

 

Keywords: Area-preserving map, Period-doubling bifurcation, Equi-period bifurcation, 

Smale horseshoe, Code 

1. ຌ࿨ช͹໪ద 

ຌ࿨ชͲͺ , ฑ໚৏Ͳఈٝ͠Ηͪ໚੷ฯଚࣺ଀ܶͶ͕͜Ζबغഔ෾زգఖ[1]Ν௒΄Ζ . 

 ܶ� ׷ � ௡ାଵݕ ൌ ௡ݕ ൅ ݂ሺݔ௡ሻǡ ௡ାଵݔ ൌ ௡ݔ ൅  ௡ାଵǤ (1)ݕ

͞͞Ͳ݂ሺݔሻ ൌ ܽሺݔ െ ଶሻሺܽݔ ൒ Ͳሻ. ࣺ଀ܶͺΦόϱࣺ଀ଔ[2]Ͷ؜ΉΗΖ . ܽ ൌ ͲͲͺ , ࣺ଀ܶͺՆ
੷෾ܧͲ͍Ζ . ܽ ൒ ܽ௖࣢ ൌ ͷǤͳ͹͸͸Ͳͷ͵͸ͻͲͶڮͶ͕͏ͱ , ࣺ଀ܶͶͺηϟʖϩ͹ഇఛ࣢͗ଚͤࡑΖ
[3]. ͞͹͞ͳΓΕָྙߺى͹੔ՎΝཤ༽ͤΖ͞ͳ͗Ն೵Ͳ͍Ζ[4]. ຌ࿨ชͲͺགྷ੧ 1.1 ͹
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΍ͳͲ٠࿨Ν͑ߨ . 

གྷ੧ 1.1. ϏϧϟʖνܽΝଁՅͤΖͳ , ବԃ఼͹बΕ͹յ఺͹࢕๏ͺଁՅͤΖ .   

ବԃ఼͹बΕΝյ఺ͤΖबٌغಕ͹յ఺͹࢕๏ΝනͤݳΖյ఺਼݌ȀݍΝ಍೘ͤΖ . յ఺਼
ͺݍȀ݌ , ࣺ଀ܶΝݍյࡠ༽ͤΖͳबٌغಕ͗ବԃ఼͹बΕΝ݌յͫ͜յ఺ͤΖ͞ͳΝқັ͢ͱ͏
Ζ . ϏϧϟʖνܽΝଁՅͤΖͳགྷ੧ 1.1 ΓΕବԃ఼͹बΕ͹յ఺͹࢕๏ͺଁՅͤΖ . յ఺਼͗
ͳȀʹͶ౺ୣͤΖͳबغഔ෾͗زਫ਼ͣΖ . ͯΉΕ , གྷ੧ 1.1 ͗बغഔ෾͗زਫ਼ͣΖकݬҾͲ͍Ζ
͞ͳͺؔҩ͏͵͏   

ୱͶΉͳΌͱ͕͚؈ఈ੓Ν҈ܗಕ͹તٌغͶब࣏ . बݍغ͹ٌಕ఼Νݖ௞ ൌ ሺݔ௞ǡ ௞ሻ��ሺͲݕ ൑ ݇ ൏

ሻͳͤΖݍ . ٌಕ఼ݖ௞ሺൌ ܶ௞ݖ଴ሻͶ͕͜ΖતܙԿߨ྽ܯሺݖ௞ሻͺ  

௞ሻݖሺܯ  ൌ ൬ͳ ݂Ԣሺݔ௞ሻ
ͳ ͳ ൅ ݂Ԣሺݔ௞ሻ

൰ (2) 

ͳಚΔΗΖ . ͞͞Ͳ , ݂Ԣሺݔ௞ሻ ൌ ܽሺͳ െ ௞ሻ. Ήͪݔʹ ྽ࣞͺߨ௞ሻ͹ݖሺܯ , 1 Ͳ͍Ζ . ͞Ηͺࣺ଀ܶ͗໚
੷ฯଚͲ͍Ζ͞ͳΝқັ͢ͱ͏Ζ .  

ࣺ଀ܶ௤͹તܙԿߨ྽ͺܯ௤ ൌ ଴ሻͲ͍Ζݖሺܯଵሻݖሺܯڮ௤ିଵሻݖሺܯ ሺܽሻݎ . ൌTraceܯ௤ͳ͢ͱ ߣ஍༙ݽ ,

Ν݀ఈͤΖ༙ݽ๏ఖࣞͺ࣏͹Γ͑Ͷॽ͜Ζ . 

ଶߣ  െ ߣሺܽሻݎ ൅ ͳ ൌ ͲǤ (3) 

਼ܐ ͳ໌Ͱ͜Ζ਼ܐሺܽሻΝ҈ఈ੓ݎ . ҈ఈ੓਼ܐΝ΍ͳͶबٌغಕ͹҈ఈ੓Ν෾ྪͤΖ . 

ሺܽሻݎ ൐ ʹ͵ΔͻबٌغಕͺγχϩܗͲ͍Ε , ȁݎሺܽሻȁ ൏ ʹ͵ΔͻबٌغಕͺବԃܗͲ͍Ε ሺܽሻݎ , ൏

െʹ͵Δͻबٌغಕͺൕ఺γχϩܗͲ͍Ζ ሺܽሻݎ . ൌ െʹΝຮͪͤܽ͹஍Ͳ(ൕ)बغഔ෾͗زਫ਼ͣ
Ζ ሺܽሻݎ . ൌ ʹΝຮͪͤܽ͹஍Ͳ(ൕ)ಋबغ෾͗زਫ਼ͣΖ . 

 

ਦ 1ʁͯ࢝͹ν΢ϕ͹बغഔ෾زգఖͶ͕͜Ζ҈ఈ੓ݎ਼ܐሺܽሻ͹Ϗϧϟʖνܽғଚ੓ . 

बغഔ෾زգఖͳ͢ͱͯ࢝͹ν΢ϕΝ়ղͤΖ . बغഔ෾زͳ͏͑ͳ௪৙ͺν΢ϕ  I Ν
қັͤΖ . ν΢ϕ  II Ͷͯ͏ͱͺߡࢂช[5 ,4]ݛΝ , ν΢ϕ  III Ͷͯ͏ͱߡࢂช[6]ݛͺݡΔΗ
ͪ͏ . ν΢ϕ  IV Ͷͯ͏ͱͺຌ࿨ช͗࠹ॵ͹ๅࠄͲ͍Ζ . ͞͞Ͳ஭қΝ͢ͱ͕ͪ͘͏ . ྭͳ
͢ͱν΢ϕ  II Ͳͺఈ੓ݎ਼ܐሺܽሻ͹ݰঙͳଁՅ͗ݡΔΗΖ . ఈ੓ݎ਼ܐሺܽሻ͗ݰঙ͢ͱ͏ΖϏ
ϧϟʖν྘ҮͲͺବԃ఼͹बΕ͹յ఺͹࢕๏ͺଁՅ͢ͱ͏Ζ . Ήͪఈ੓ݎ਼ܐሺܽሻ͗ଁՅ͢ͱ
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͏ΖϏϧϟʖν྘ҮͲ΍ବԃ఼͹बΕ͹յ఺͹࢕๏ͺଁՅ͢ͱ͏Ζ  (୊ 3.2 ઇΝࢂল). གྷ੧
1.1 ͹΍ͳͲବԃ఼͹बΕ͹յ఺͹࢕๏͗ଐ͚͵ͮͪΕங͚͵ͮͪΕͤΖ͞ͳͺ͵͏ . ͨ͹
ͪΌͶबغഔ෾زգఖͺͯ࢝͹ν΢ϕͶ෾ྪ͠ΗΖ ͹ν΢ϕ͹ಝ௅ΝΉͳΌͱ͕ͯ࢝Ͷ࣏ .
͚ . 

ν΢ϕ  I (ਦ 1(a)). ฾ବԃܗबٌغಕ͗ਫ਼ͣͪޛ , ͨ͹ٌಕ఼ݖ௞͹बΕ͹յ఺ͺଐ͚͵Ζ . 

݃Վͳ͢ͱ҈ఈ੓ݎ਼ܐሺܽሻͺܽ͹ଁՅͳͳ΍Ͷݰঙ͢ ሺܽሻݎ , ൌ െʹΝຮͪͤܽ͹஍Ͳबغഔ෾ز
͗ਫ਼ͣΖ . ฾ٌಕͺ࠹शదͶൕ఺Ν൒͑γχϩܗͳ͵Ζ .  

ν΢ϕ  II (ਦ 1(b)). ҈ఈ੓਼ܐ͹΀ΖΉ͏͹࠹ॵ͹෨෾ͺν΢ϕ  I ͳಋͣͲ͍Ζ . ฾बغ
ٌಕͺൕ఺Ν൒͑γχϩܗͳ͵ͮͪޛ , ҈ఈ੓਼ܐ ሺܽሻͺܽ͹ଁՅͳͳ΍ͶଁՅ͢ݎ  ሺܽሻݎ , ൌ

െʹΝຮͪͤܽ͹஍Ͳൕबغഔ෾زΝً͢͞ͱବԃܗͶ໯Ζ ሺܽሻݎͶ࣏ . ൌ ʹΝຮͪͤܽ͹஍Ͳಋ
बغ෾زΝً͢͞ ͳ͵ΖܗशదͶ฾ٌಕͺγχϩ࠹ , .  

ν΢ϕ  III (ਦ 1(c)). ฾बٌغಕ͗ਫ਼ͣͪ௜ޛ , ͞͹बٌغಕͺγχϩܗͲ͍Ζ . ҈ఈ੓ܐ
ΌΖ࢟ঙ͢ݰሺܽሻͺܽ͹ଁՅͳͳ΍ͶଁՅͤΖ͗౏஦Ͳݎ਼ ሺܽሻݎ . ൌ ʹΝຮͪͤܽ͹஍Ͳ  ฾ٌಕ
ͺൕಋबغ෾زΝً͢͞ବԃܗͶ͵Ζ Ͷޛ࠹ . , ฾ٌಕͺबغഔ෾زΝً͢͞ͱൕ఺Ν൒͑
γχϩܗͳ͵Ζ   

ν΢ϕ  IV (ਦ 1(d)). ҈ఈ੓਼ܐ͹รԿ͹઴ൔͺν΢ϕ  III Ͳ ൔͺν΢ϕޛ ,  II ͹ޛൔͳ
ΔΗΖ͓ߡ .   

͞͞Ͳຌ࿨ช͹໪దΝफ़΄Ζ . 

 

໪ద գఖΝཀྵմ͢زഔ෾غ͹बͯ࢝ .1.2 ࣆҾΝ໎Δ͖ͶͤΖݬգఖ͗ਫ਼ͣΖز͹෾ͯ࢝ , . 

 

୊ 2 ઇͲͺ , ຌ࿨ชͲ࢘༽ͤΖ਼ָద֕೨ͳಕ۫Ν಍೘ͤΖ .  

୊ 3 ઇͲͺ , ྭΝ΍ͳͶͯ࢝͹෾زգఖΝݗ౾͢ , ෾زգఖ͗ਫ਼ͣΖݬҾΝ໎Δ͖ͶͤΖ .  

୊ 4 ઇͲͺ , ΉͳΌΝ͑ߨ . 

2. ਼ָదಕ۫ 

2.1. ଲ߻ͳଲসત 

ࣺ଀ܶͺଲ߻නݳͲىफ़͠ΗΖ[4]. ଲ߻ͶΓΖ෾մΝܶ ൌ ݄ ל ݃ͳॽ͚ . ͞͞Ͳלͺࣺ଀͹߻
੔ߺىͲ͍Ζ ͢༼ࡠ͹ӊଈ͹݃Νלߺى . Ζͤ༼ࡠͶࠪଈ͹݄Ν࣏ , . 

 ݃ ቀݔݕቁ ൌ ቀെݕ െ ݂ሺݔሻ
ݔ������� ቁ ǡ ݄ ቀݔݕቁ ൌ ቀ

െݕ
ݔ െ  ቁǤ ሺ4ሻݕ

ଲ߻͹෈ಊ఼͹ॄ߻Νଲসતͳ͏͑ . ଲ͖݃߻ΔಚΔΗΖଲসતΝ ௚ܵͳॽ͘ , ଲ͖݄߻Δಚ
ΔΗΖଲসતΝܵ௛ͳॽ͚ . ຌ࿨ชͲͺ ௚ܵ��ሺݕ ൌ െ݂ሺݔሻȀʹሻͳܵ௛��ሺݕ ൌ Ͳሻ͹෨෾ΝҐԾ͹Γ͑Ͷఈ
ٝͤΖ . 

 ௚ܵ
ା � ׷ ݕ�� ൌ െ݂ሺݔሻȀʹ��ሺݔ ൐ ͳሻǡ (5) 

 ௚ܵ
ି � ׷ ݕ�� ൌ െ݂ሺݔሻȀʹ��ሺͲ ൏ ݔ ൏ ͳሻǡ (6) 

 ܵ௛ା � ׷ ݕ�� ൌ Ͳ��ሺݔ ൐ ͳሻǡ (7) 

 ܵ௛ି � ׷ ݕ�� ൌ Ͳ��ሺͲ ൏ ݔ ൏ ͳሻǤ (8) 

͞͞Ͳଲসबٌغಕͳඉଲসबٌغಕ͹ఈٝΝ༫͓Ζ . 
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ఈٝ 2.1 (ଲসबٌغಕͳඉଲসबٌغಕ). ଲসત৏Ͷٌಕ఼Ν఼್΍ͯबٌغಕΝଲসब
ಕͳఈٝͤΖٌغ . ຌ࿨ชͲͺ෈ಊ఼ͺଲসबٌغಕͶ؜Όͥ෈ಊ఼ͳ͢ͱѽ͑ . ଲসત৏
Ͷٌಕ఼Νͪ࣍͵͏बٌغಕΝඉଲসबٌغಕͳఈٝͤΖ . 

ଲসત ௚ܵ৏͹఼ݖ ൌ ሺݔǡ ݕતۄሻΝݕ ൌ ሻ͗௪գ͢ͱ͏ΖͳͤΖݔሺܩ . ͞͹ۄત͹఼ݖͶ͕͜Ζܑ
͘ΝߦͳͤΖ . ͞͹ۄતͶଲ݃߻Νۄͪ͢༼ࡠતݕ ൌ ሻ΍ݔ௚ሺܩ  ఼ݖ ൌ ሺݔǡ ሻΝ௪գ͢ͱ͏Ζݕ . ͞͹
఼Ͷ͕͜Ζܑ͘Νߦ௚ͳͤΖ . ଲ݃߻ΝݔͶͯ͏ͱඏ෾ͤΖͳߦͳߦ௚͹ؖ͗ܐಚΔΗΖ . 

ߦ  ൅ ௚ߦ ൌ െ݂ԢሺݔሻǤ (9) 

௚͗౵͚͢͵Ζ͹ͺߦͳߦ , ྈं͗൅ͤࢆΖ৖߻ͳ ߦ , ൌ ௚ߦ ൌ െ݂ԢሺݔሻȀʹΝຮͪͤ৖߻Ͳ͍Ζ . ઴
ंͶͯ͏ͱͺबغഔ෾ز͹ྡֆ஍Ͳਫ਼ͣΖ . ͞͹য়ڱ͹ྭͺ୊ 3 ઇΝݡΔΗͪ͏ . ଲসતͳ
ଲসત͹଀͗ંৰ͢ިࠫͤΖ͞ͳͲγχϩόʖχ෾͗زਫ਼ͣΖ . Γͮͱ , γχϩόʖχ෾ز
͹ྡֆ஍Ͳंޛ͹য়͗ڱਫ਼ͣΖ͞ͳͺ໎Δ͖Ͳ͍Ζ .  

ଲসતܵ௛৏͹఼ݓ ൌ ሺݔǡ ͲሻΝۄતݕ ൌ ሻ͗௪գ͢ͱ͏ΖͳͤΖݔሺܪ . ͞͹ۄત͹఼ݓͶ͕͜Ζ
ܑ͘ΝߞͳͤΖ . ͞͹ۄતͶଲ݄߻Νۄͪ͢༼ࡠતݕ ൌ ݓሻ΍఼ݔ௛ሺܪ ൌ ሺݔǡ ͲሻΝ௪գ͢ͱ͏Ζ . ͞
͹఼Ͷ͕͜Ζܑ͘Νߞ௛ͳͤΖ . ଲ݄߻ΝݔͶͯ͏ͱඏ෾ͤΖͳߞͳߞ௛͹ؖ͗ܐಚΔΗΖ .  

௛ߞ  ൌ
ߞ

ሺߞ െ ͳሻ
Ǥ (10) 

௛͗౵͚͢͵Ζ͹ͺߞͳߞ ߞ , ൌ ௛ߞ ൌ ʹΝຮͪͤ৖߻ͳߞ ൌ ௛ߞ ൌ ͲΝຮͪͤ৖߻Ͳ͍Ζ . ઴ंͺब
͹ྡֆ஍Ͳਫ਼ͣΖزഔ෾غ . बغഔ෾ز͹ྭͺ୊ 3 ઇͲࣖͤ ಕ఼͗γχϩόٌغͺबंޛ .
ʖχ෾ز͹ྡֆ஍Ͳਫ਼ͣΖ .  

ࣺ଀ܶΝݔ௡Ͳඏ෾ͤΖͳܑ͘ͶؖͤΖࣺ଀͗ಚΔΗΖ .  

௡ାଵߦ  ൌ
ሺߦ௡ ൅ ݂Ԣሺݔ௡ሻሻ

ሺߦ௡ ൅ ݂Ԣሺݔ௡ሻ ൅ ͳሻ
Ǥ (11) 

͞͞Ͳߦ௡ାଵ ൌ ௡ߦ ,௡ାଵݔ௡ାଵȀ݀ݕ݀ ൌ ͪ͢༼Νཤܐ͹ؖى௡. Ծݔ௡Ȁ݀ݕ݀ .  

 
௡ାଵݕ݀
௡ݔ݀

ൌ
௡ାଵݕ݀
௡ାଵݔ݀

௡ାଵݔ݀
௡ݔ݀

ൌ ௡ߦ௡ାଵሺߦ ൅ ݂Ԣሺݔ௡ሻ ൅ ͳሻǤ (12) 

2.2. ηϟʖϩ͹ഇఛͳߺىԿ 

ࣺ଀ܶͶ͕͜Ζγχϩܗ෈ಊ఼ܲ ൌ ሺͲǡͲሻ͹෈҈ఈଡ༹ର ௨ܹΝ෈ಊ఼ܲΓΕ௧੽ͤΖ . ෈҈ఈ
ଡ༹ର ௨ܹͺ෈ಊ఼ܲΝड़൅͢ͱ࠹ॵͶଲসત ௚ܵ

ାͳިࠫ͢ Ͷଲসતܵ௛ାͳިࠫͤΖ(ਦ࣏ , 2). ި
఼ΝॳͶݒ ,ݑͳͤΖ . ҈ఈଡ༹ର ௦ܹ΍ಋͣި఼ͲଲসતͳިࠫͤΖ . ި఼ݑͳݒͺ , कϙϠέ
Ϩωρέ఼ͳݼͻΗΖ[4]. Ήͪ ܐؖ , ௦ܹ ൌ ݃ ௨ܹͳ ௦ܹ ൌ ݄ ௨ܹ͗੔Εཱིͯ ނ͹ͯ࢝ . ሾܲǡ ሿௐೠݑ ނ ,
Ȟ௦ ൌ ሾݑǡ Ȟ௨ނ ,ሿௐೞݒ ൌ ሾݒǡ ǡݑሾܶނሿௐೠͳݑܶ ܲሿௐೞͲҕΉΗͪถ྘ҮΝخຌ྘Үܼͳݼ΁  (ਦ 2 Ͷ͕͜
Ζօ৯྘Ү ݑ݄ࣞܐؖ .( ൌ ݑ݄݃ ൌ ݒͳݑܶ ൌ ΓΕݒ݄ , ሾܶݑǡ ܲሿௐೞ ൌ ݄ሾܲǡ ሿௐೠͳȞ௦ݑ ൌ ݄Ȟ௨͗੔Εཱིͯ . 

͞ΗΔΓΕܼ ൌ ݄ܼ͗੔Εཱིͯ͞ͳ͗಍͜Ζ ੔ͤߑͱηϟʖϩ͹ഇఛ࣢Νͮ࢘ຌ྘ҮܼΝخ .
Ζ . ϏϧϟʖνܽΝଁՅͤΖͳ  ܽ ൌ ܽ௖࣢Ͳ Ȟ௨͗ંৰͤΖނଵȞ௦ͳିܶނ , . ͞͹য়͗ڱηϟʖϩ͹
ഇఛ͗׮੔Ͳ͍Ζ . ܽ ൌ ͷǤͷ ൐ ܽ௖୦௦ͳͪ͢ਦ 3 Ͳͺ Ͳިࠫ͢ͱ͏ΖߚͳߙȞ௨ͺ఼್ނଵȞ௦ͳିܶނ , . 

͞Ηͺηϟʖϩ͹ഇఛ͗׮੔ͪ͢ޛ͹ഓ஖Ͳ͍Ζ . 

ਦ 3 Ͳڠ௪྘Үܼ ת ܶିଵܼͺ , ್ͯ͹ถ྘Ү ଴ܸͳ ଵܸͶ෾཯͢ͱ͏Ζ ނΉΗΖ؜ຌ྘ҮͶخ .
ܶିଵȞ௦͗ถ྘Ү ଴ܸͳ ଵܸ͹ڧֆͳ͵ͮͱ͏Ζ . ٌಕ఼͗ถ྘Ү ଴ܸͶ೘Ηͻߺى 0 Ν༫͓ , ถ྘Ү

ଵܸͶ೘Ηͻߺى 1 Ν༫͓Ζ . ͞ΗΓΕҲͯ͹ٌಕͶଲ͢ͱໃݸͶௗ͏ߺى྽͗ݏಚΔΗΖ . ब
͹ด;Ͳಝ௅෉͜ΔΗΖߺى͹ݺݍಕͺٌغ͹बݍغ ͑ݶ͹ด;Ναʖχͳߺى͹ݺݍ . . α
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ʖχͶͯ͏ͱͺචགྷͶԢͣͱ॰յͤΖ͞ͳΝ೟ΌΖ . γχϩܗ෈ಊ఼ܲ͹αʖχͺͲͲ͍Ε , 

ବԃܗ෈ಊ఼ܳ͹αʖχͺͳͲ͍Ζ . 

  

ਦ 2: γχϩܗ෈ಊ఼ܲ͹҈ఈଡ༹ର ௦ܹͳ෈҈ఈଡ༹ର ௨ܹ͹ނΝཤ༽͢ͱఈٝ͠Ηͪخຌ྘
Үܼ (օ৯྘Ү). ި఼ݑͳݒͺकϙϠέϨωρέ఼ Ȟ௦ނ . ൌ ሾݑǡ ሿௐೞͳݒ Ȟ௨ނ  ൌ ሾݒǡ ሿௐೠ͹ఈٝݑܶ . 

ܽ ൌ Ͷ.  

 

ਦ 3: ηϟʖϩ͹ഇఛ࣢͹׮੔ޛ . ܽ ൌ ͷǤͷ. (a) خຌ྘Үܼͳٱ଀ܶିଵܼ͹ؖܐ . (b) ถ྘Ү ଴ܸͳ

ଵܸ͹ఈٝ .  

Ζఈཀྵͤ༼࢘Ͷຌ࿨ชͲ࣏ , ఈٝ͵Δ;Ͷ੓࣯ΝΉͳΌͱ়ղͤΖ[4]. 

 

ఈཀྵ 2.2. ηϟʖϩ͹ഇఛ࣢ͶଚͤࡑΖबٌغಕͳαʖχͺҲଲҲଲԢΝ͵ͤ .  

 

ఈٝ ݏಕ͹αʖχΝٌغ͹बݍغब .(ൕ఺ଲؔ࣎ൕ఺αʖχͳؔ࣎)2.3 ൌ ଵݏ଴ݏ ڮ ௤ିଵͳͤΖݏ . 

Ͷͪ͢αʖχٱ͹ด;Νߺى ଵିݏ ൌ ௤ିଵݏ ڮ ൕ఺αʖχͳఈٝͤΖؔ࣎͹ݏ଴Ναʖχݏଵݏ . ॰յ
͢ͱ΍ݏ ് ଵ͵Δͻିݏ , αʖχݏͳαʖχିݏଵΝؔ࣎ൕ఺ଲͳ໌෉͜Ζ . 
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੓࣯ 2.4.  

(1) αʖχݏͳؔ࣎ൕ఺αʖχିݏଵͶͯ͏ͱݏ ൌ ଵ͗੔Εཱིͱͻିݏ , αʖχݏ͹बٌغಕͺଲসब
ಕͲ͍Ζٌغ .  

(2) αʖχݏͳؔ࣎ൕ఺αʖχିݏଵͶ͕͏ͱ ݏΝ॰յ͢ͱ΍ߺى , ് ٌغ͹बݏଵ͵Δͻαʖχିݏ
ಕͺඉଲসबٌغಕͲ͍Ζ . αʖχݏͳݏԢ͹ඉଲসबٌغಕͺͳ΍ͶଚͤࡑΖ . 

 

ఈٝ ݓͶͯ͏ͱݓͳ఼ݖ఼ .(ଲ-ࢍ) 2.5 ൌ ੔ΕཱིͯͳͤΖ͗ݖ݃ . ఼͗ݖ྘Ү ଴ܸሺ ଵܸሻͶଚͤࡑΖ͵
Δͻ , ఼ݓ΍  ྘Ү ଴ܸሺ ଵܸሻͶଚͤࡑΖ . ͞ΗΔΝ݃-ଲͳ໌෉͜Ζ . 

 

ఈٝ 2.6 (αʖχ͹࠹ঘ஍නݳ). αʖχͲͲͳΝྭͳ͢ͱઈ໎͢ Ν಍೘ͤΖݳঘ஍න࠹ , . ͞͞
Ͳ ݔ ൌǤ ሺͲͲͳሻஶ ݕ , ൌǤ ሺͲͳͲሻஶ ݖ , ൌǤ ሺͳͲͲሻஶ ͳ ͤ Ζ . ͞ Η Δ Ν ್ ਒ ๑ Ͷ ร ׷ ͢ ͪ ஍ ͺ ܺ ൌ

Ǥ ሺͲͲͳͳͳͲሻஶ ൌ ʹȀͻ, ܻ ൌǤ ሺͲͳͳͳͲͲሻஶ ൌ ͶȀͻ, ܼ ൌǤ ሺͳͳͳͲͲͲሻஶ ൌ ͺȀͻͲ͍Ζ[4] (෉࿧ A ΝΊΓ). ͞
ΗΔ͹͵͖Ͳܺ͗࠹ঘ஍Ͳ͍Ζ . Γͮͱ , αʖχͲͲͳΝαʖχ͹࠹ঘ஍නݳͳఈٝͤΖ . 

 

ఈٝ ଵݏ଴ݏͲݳঘ஍න࠹αʖχΝ .(ಕ఼ଲٌંۛ࠹) 2.7 ڮ ௞ݏ ௤ିଵͳॽ͚ݏ௤ିଶݏڮ ௝��ሺͲݏߺى . ൑ ݆ ൑

ݍ െ ͳሻͶଲԢͤΖٌಕ఼Νݖ௝ͳͤΖ ௞ݖ . ൌ ௤ିଶ (Ͳݖ݃ ൑ ݇ ൑ ݍ െ ʹ) ͗੔ΕཱིͯͳͤΖ .  

(1) ݇ ൏ ݍ െ ʹ͹৖߻ , ٌಕ఼͹ଲݖ௞ͳݖ௤ିଶΝڧֆ  (ܶିଵȞ௦) Ͷٌͪ͢ંۛ࠹ಕ఼ଲ ٌંۛ࠹) 
ಕ఼ଲ)ͳ໌෉͜Ζ .  

(2) ݇ ൌ ݍ െ ʹ͗੔Εཱིͯ৖߻ , ٌಕ఼ݖ௞Νٌંۛ࠹ಕ఼ͳ໌෉͜Ζ . 

 

ఈٝ 2.8 (ਜ਼وනݳ). αʖχ͹නݳͳ͢ͱఈٝ 2.7 Ͷ͕͜Ζٌಕ఼ݖ௞͹ߺىΝ઎ಆͶഓ஖ͪ͢
නݳ  

௞ାଵݏ௞ݏ  ڮ ଴ݏ௤ିଵݏ௤ିଶݏ ڮ  ௞ିଵ (13)ݏ

Νਜ਼وනݳͳ໌෉͜Ζ . 

 

ఈٝ 2.9 (αʖχ͹۰د੓). αʖχͶ؜ΉΗΖ 1 ͹۰਼਼͗ݺ Δͻαʖχͺ۰͵ (਼د)   

ͳͤΖ (د) . 

 

੓࣯ 2.10. ۰ ಕͺٌغαʖχ͹ब (د)  , ഇఛ࣢͹஦Ͳγχϩܗबٌغಕ  (ൕ఺γχϩܗब
ಕ) Ͳ͍Ζٌغ  

2.3. ϔϫρέනࣖͳͨ͹੓࣯ 

Ͳ಍೘͠ΗͪϔϫρέΝ಍೘ͤΖ[4]ݛชߡࢂ .  

 

ϔϫρέߑ੔وଉ 2.11.  

(1) յ఺਼͗ͳȀݍ͹৖߻͹ϔϫρέ͹ఈٝ .  

 ܵሺͳȀݍሻ ൌ ͳͲ௤ିଶͳ��ሺݍ ൒ ʹሻǡ (14) 

ሻݍሺͳȀܧ  ൌ Ͳ௤ିଵͳ��ሺݍ ൒ ʹሻǡ (15) 

ሻݍሺͳȀܨ  ൌ Ͳ௤ିଶͳͳ��ሺݍ ൒ ʹሻǡ (16) 

ሻݍሺͳȀܦ  ൌ ͳͲ௤ିଷͳͳ��ሺݍ ൒ ͵ሻǤ (17) 
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݌��ሺݍȀ݌༁෾਼ع (2) ൒ ʹǡ ݍ ൒ ͷሻ͹ϓΟϪ΢෾ׄΝ FPሾ݌Ȁݍሿ ൌ ሼ݌௟Ȁݍ௟ǡ ௥ሽͳॽ͚ݍ௥Ȁ݌ . ͞͞Ͳ ݌ , ൌ

௟݌ ൅ ݍ ,௥݌ ൌ ௟ݍ ൅ ௟ݍ௥݌ ,௥ݍ െ ௥ݍ௟݌ ൌ ͳ, Ͳ ൏ ௟ݍ௟Ȁ݌ ൏ ௥ݍ௥Ȁ݌ ൑ ͳȀʹ. ࣏Ͷϔϫρέ͹ߑ੔وଉΝࣖͤ .  

 ܵሺ݌Ȁݍሻ ൌ ܵሺ݌௥Ȁݍ௥ሻܵሺ݌௟Ȁݍ௟ሻǡ (18) 

ሻݍȀ݌ሺܧ  ൌ ௟ሻݍ௟Ȁ݌௥ሻܵሺݍ௥Ȁ݌ሺܧ ൌ  ௥ሻǡ (19)ݍ௥Ȁ݌ሺܧ௟ሻݍ௟Ȁ݌ሺܨ

ሻݍȀ݌ሺܨ  ൌ  ௥ሻǡ (20)ݍ௥Ȁ݌ሺܨ௟ሻݍ௟Ȁ݌ሺܨ

ሻݍȀ݌ሺܦ  ൌ ܵሺ݌௥Ȁݍ௥ሻܦሺ݌௟Ȁݍ௟ሻ ൌ  ௥ሻǤ (21)ݍ௥Ȁ݌ሺܨ௟ሻݍ௟Ȁ݌ሺܦ

න 1 Ͷ , Γ͚࢘༽ͤΖϔϫρέΝΉͳΌͪ . ϔϫρέܵሺͳȀʹሻͳϔϫρέܨሺͳȀʹሻ ൌ ͳͳͶͯ͏
ͱ஭қΝ͢ͱ͕͚ . ҐԾͲͺϔϫρέ ሺͳȀʹሻΝ༽͏Ζܨ . ϔϫρέ͹ߑ੔وଉ͹ͪΌͶ
ܵሺͳȀʹሻ ൌ ͳͳ΍න 1 Ͷ؜Όͱ͍Ζ . 

න 1: ̒ͯ͹ϔϫρέ͹ͲͳͳͶΓΖනݳ  

 ሻݍȀ݌ሺܦ ሻݍȀ݌ሺܨ ሻݍȀ݌ሺܧ ሻݍȀ݌ሺܵ ݍȀ݌

ͳȀ͸ ͳͲͲͲͲͳ ͲͲͲͲͲͳ ͲͲͲͲͳͳ ͳͲͲͲͳͳ 

ͳȀͷ ͳͲͲͲͳ ͲͲͲͲͳ ͲͲͲͳͳ ͳͲͲͳͳ 

ʹȀͻ ͳͲͲͳͳͲͲͲͳ ͲͲͲͳͳͲͲͲͳ ͲͲͲͳͳͲͲͳͳ ͳͲͲͳͳͲͲͳͳ 

ͳȀͶ ͳͲͲͳ ͲͲͲͳ ͲͲͳͳ ͳͲͳͳ 

͵Ȁͳͳ ͳͲͳͳͲͲͳͳͲͲͳ ͲͲͳͳͲͲͳͳͲͲͳ ͲͲͳͳͲͲͳͳͲͳͳ ͳͲͳͳͲͲͳͳͲͳͳ 

ʹȀ͹ ͳͲͳͳͲͲͳ ͲͲͳͳͲͲͳ ͲͲͳͳͲͳͳ ͳͲͳͳͲͳͳ 

͵ȀͳͲ ͳͲͳͳͲͳͳͲͲͳ ͲͲͳͳͲͳͳͲͲͳ ͲͲͳͳͲͳͳͲͳͳ ͳͲͳͳͲͳͳͲͳͳ 

ͳȀ͵ ͳͲͳ ͲͲͳ Ͳͳͳ ͳͳͳ 

ͶȀͳͳ ͳͳͳͲͳͳͲͳͳͲͳ ͲͳͳͲͳͳͲͳͳͲͳ ͲͳͳͲͳͳͲͳͳͳͳ ͳͳͳͲͳͳͲͳͳͳͳ 

͵Ȁͺ ͳͳͳͲͳͳͲͳ ͲͳͳͲͳͳͲͳ ͲͳͳͲͳͳͳͳ ͳͳͳͲͳͳͳͳ 

ͷȀͳ͵ ͳͳͳͲͳͳͳͳͲͳͳͲͳ ͲͳͳͲͳͳͳͳͲͳͳͲͳ ͲͳͳͲͳͳͳͳͲͳͳͳͳ ͳͳͳͲͳͳͳͳͲͳͳͳͳ 

ʹȀͷ ͳͳͳͲͳ ͲͳͳͲͳ Ͳͳͳͳͳ ͳͳͳͳͳ 

ͷȀͳʹ ͳͳͳͳͳͲͳͳͳͳͲͳ ͲͳͳͳͳͲͳͳͳͳͲͳ ͲͳͳͳͳͲͳͳͳͳͳͳ ͳͳͳͳͳͲͳͳͳͳͳͳ 

͵Ȁ͹ ͳͳͳͳͳͲͳ ͲͳͳͳͳͲͳ Ͳͳͳͳͳͳͳ ͳͳͳͳͳͳͳ 

ͶȀͻ ͳͳͳͳͳͳͳͲͳ ͲͳͳͳͳͳͳͲͳ Ͳͳͳͳͳͳͳͳͳ ͳͳͳͳͳͳͳͳͳ 

ͳȀʹ 11 Ͳͳ 11 - 

2.4. ۢؔ͹ؔ͹યҢ 

୊ 2.3 ઇͲ಍೘ͪ͢ϔϫρέͺ྘Ү͹໌সͲ΍͍Ζ[2]. ್ͯ͹྘Үؔ͹યҢΝયҢߨ྽ͳ
͢ͱනݳͲ͘Ζ . યҢߨ྽͹གྷો͗ͳ͹৖߻ , યҢՆ೵Ͳ͍Ε , Ͳ͹৖߻ͺયҢͲ͘͵͏ . 

i) Ͳ ൏ ݍȀ݌ ൏ ݏȀݎ ൏ ͳȀʹǣ 

ǡݍȀ݌ሺܯ  ሻݏȀݎ ൌ

ۉ

ۈ
ۇ

ሻݏȀݎሺܧ ܵሺݎȀݏሻ ሻݏȀݎሺܨ ሻݏȀݎሺܦ
ሻݍȀ݌ሺܧ ͳ ͳ ͳ ͳ
ܵሺ݌Ȁݍሻ ͳ ͳ ͳ ͳ
ሻݍȀ݌ሺܨ Ͳ Ͳ Ͳ Ͳ
ሻݍȀ݌ሺܦ Ͳ Ͳ Ͳ Ͳ ی

ۋ
ۊ
Ǥ (22) 
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ii) Ͳ ൏ ݍȀ݌ ൏ ͳȀʹǣ  

ǡݍȀ݌ሺܯ  ͳȀʹሻ ൌ

ۉ

ۈ
ۇ

ሺͳȀʹሻܧ ሺͳȀʹሻܨ
ሻݍȀ݌ሺܧ ͳ ͳ
ܵሺ݌Ȁݍሻ ͳ ͳ
ሻݍȀ݌ሺܨ Ͳ Ͳ
ሻݍȀ݌ሺܦ Ͳ Ͳ ی

ۋ
ۊ
Ǥ (23) 

iii) Ͳ ൏ ݍȀ݌ ൏ ݏȀݎ ൏ ͳȀʹǣ  

 ܰሺݎȀݏǡ ሻݍȀ݌ ൌ

ۉ

ۈ
ۇ

ሻݍȀ݌ሺܧ ܵሺ݌Ȁݍሻ ሻݍȀ݌ሺܨ ሻݍȀ݌ሺܦ
ሻݏȀݎሺܧ ͳ Ͳ ͳ Ͳ
ܵሺݎȀݏሻ ͳ Ͳ ͳ Ͳ
ሻݏȀݎሺܨ ͳ Ͳ ͳ Ͳ
ሻݏȀݎሺܦ ͳ Ͳ ͳ Ͳ ی

ۋ
ۊ
Ǥ (24) 

iv) Ͳ ൏ ݍȀ݌ ൏ ͳȀʹǣ  

 ܰሺͳȀʹǡ ሻݍȀ݌ ൌ ቌ
ሻݍȀ݌ሺܧ ܵሺ݌Ȁݍሻ ሻݍȀ݌ሺܨ ሻݍȀ݌ሺܦ

ሺͳȀʹሻܧ ͳ Ͳ ͳ Ͳ
ሺͳȀʹሻܨ ͳ Ͳ ͳ Ͳ

ቍǤ (25) 

v) Ͳ ൏ ݍȀ݌ ൏ ͳȀʹǣ  

ǡݍȀ݌ሺܬ  ሻݍȀ݌ ൌ

ۉ

ۈ
ۇ

ሻݍȀ݌ሺܧ ܵሺ݌Ȁݍሻ ሻݍȀ݌ሺܨ ሻݍȀ݌ሺܦ
ሻݍȀ݌ሺܧ ͳ ͳ ͳ ͳ
ܵሺ݌Ȁݍሻ ͳ ͳ ͳ ͳ
ሻݍȀ݌ሺܨ ͳ Ͳ ͳ Ͳ
ሻݍȀ݌ሺܦ ͳ Ͳ ͳ Ͳ ی

ۋ
ۊ
ǡ (26) 

vi)  

ሺͳȀʹǡͳȀʹሻܬ  ൌ ൮

ሺͳȀʹሻܧ ሺͳȀʹሻܨ
ሺͳȀʹሻܧ ͳ ͳ
ሺͳȀʹሻܨ ͳ ͳ

൲Ǥ (27) 

͞͞Ͳ , ྘ҮͳϔϫρέͶͯ͏ͱึଏ͢ͱ͕ͪ͘͏ . Ͳ ൏ ݍȀ݌ ൏ ͳȀʹ͹৖߻ ͹྘Үͯ࢝ ,
ሻǡݍȀ݌ሺܧ ܵሺ݌Ȁݍሻǡ ሻǡݍȀ݌ሺܨ Ζͤࡑሻ͗ଚݍȀ݌ሺܦ . ͞ΗΔΝ΍ͳͶϔϫρέܧሺ݌Ȁݍሻǡ ܵሺ݌Ȁݍሻǡ ሻǡݍȀ݌ሺܨ Ȁ݌ሺܦ

ሻΝఈٝͪ͢ݍ . ϔϫρέܵሺ݌Ȁݍሻͺ॰յͤΖͳϔϫρέܨሺ݌ȀݍሻͶ͵Ζ . ϔϫρέܧሺ݌Ȁݍሻͳϔϫ
ρέܨሺ݌Ȁݍሻሺܵሺ݌ȀݍሻሻͲىफ़͠ΗΖबٌغಕͺଚͤࡑΖ͗ , ϔϫρέܦሺ݌ȀݍሻͲىफ़͠ΗΖबغ
ٌಕͺଚ͢ࡑ͵͏ .  

ݍȀ݌ ൌ ͳȀʹ͹৖߻ , ್ͯ͹྘ҮܧሺͳȀʹሻͳܵሺͳȀʹሻ ൌ ሺͳȀʹሻܨ ൌ ͳͳ͗ଚͤࡑΖ . ϔϫρέܧሺͳȀʹሻͲ
Ζ͗ͤࡑಕͺଚٌغफ़͠ΗΖबى , ϔϫρέܵሺͳȀʹሻ ൌ ͢ࡑಕͺଚٌغफ़͠ΗΖबىሺͳȀʹሻͲܨ
͵͏ .  

αʖχΝϔϫρέͲනͪ͢නݳΝϔϫρέαʖχݼ΁ . યҢߨ྽͹੓࣯͖Δ੓࣯ 2.12 ͗ಚ
ΔΗΖ[4].  

 

੓࣯ 2.12. ϔϫρέαʖχͶ؜ΉΗΖϔϫρέ͹յ఺਼Ͷ͕͏ͱ݌Ȁ࠹͗ݍঘ஍Ͳ͍ΖͳͤΖ . 

ϔϫρέαʖχ͹࠹ঘ஍නࣖͺܧሺ݌ȀݍሻͲ࢟ΉΖ . ͪͫ͢ ሻ͗࿊ݍȀ݌ሺܧঘ஍නࣖ͹઎ಆ෨Ͷ࠹ ,
କͤΖ͞ͳͺ͵͏ .   

ྭ ͚͵Ͳݳঘ஍න࠹ሺͳȀ͵ሻͺܦሺͳȀ͵ሻܧሺͳȀ͵ሻܧ . Ͳ͍Ζݳঘ஍න࠹ሺͳȀ͵ሻ͗ܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧ , .   

 

ఈٝ ߻΃͹યҢ͗Ն೵͵৖ܤΔ྘Ү͖ܣ྘Ү .(ޢࢯےͳޢ༲ڒ) 2.13 ͳ͏͏ޢ༲ڒΝܤܣޢ , , 

ͨ͑Ͳ͵͏৖߻ͺޢࢯےͳ͏͑ .   
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ྭ Ͳ͍Ζ͗ޢࢯےሺͳȀ͵ሻܵሺͳȀ͵ሻͺܨޢ . Ͳ͍Ζޢ༲ڒሺͳȀ͵ሻͺܨሺͳȀ͵ሻܵޢ , . 

2.5. ෾ݳزে 

ਦ 4 Νཤ༽͢ͱ  (ൕ) बغഔ෾زͳ  (ൕ) ಋबغ෾زͶͯ͏ͱઈ໎ͤΖ . ຌ࿨ชͲͺϏϧ
ϟʖνܽΝ৙ͶଁՅͤΖ͞ͳͲ෾͗زਫ਼ͣΖͳͤΖ . ବԃܗबٌغಕ͹बغΝݍ��ሺ൒ ͳሻͳͤΖ . 

ବԃܗबٌغಕ͗ൕ఺ܗγχϩबٌغಕͶ෾ͤزΖգఖ͗बغഔ෾زͲ͍Ζ . ͞͹෾زͲब
Ͳ͍Ζܗ͹ٌ໊ಕ͗Ҳͯਫ਼ͣΖٌ໊͗ಕͺବԃݍʹ͗غ . ͨ͹ͪΌٌ໊ಕͺबغഔ෾زΝӀ͘
କ͏ͱًͤ͞ . ൕ఺ܗγχϩबٌغಕ͗ବԃٌܗಕͶ෾ͤزΖգఖ͗ൕबغഔ෾زͲ͍Ζ . 

͞͹෾زͲबݍʹ͗غ͹ٌ໊ಕ͗Ҳͯਫ਼ͣΖٌ໊͗ಕͺγχϩܗͲ͍Ζ .  

 ବԃܗबٌغಕ͗γχϩबٌغಕͶ෾ͤزΖգఖ͗ಋबغഔ෾زͲ͍Ζ . ͞͹෾زͲब
Ͳ͍Ζܗ͹ٌ໊ಕ್͗ͯਫ਼ͣΖ͗͞ΗΔ͹ٌ໊ಕͺବԃݍ͗غ . ͨ͹ͪΌٌ໊ಕͺबغഔ෾
ΝӀ͘କ͏ͱًͤ͞ز . γχϩबٌغಕ͗ବԃܗबٌغಕͶ෾ͤزΖգఖ͗ൕಋबغ෾زͲ
͍Ζ . ͞͹෾زͲबݍ͗غ͹ٌ໊ಕ್͗ͯਫ਼ͣΖ͗͞ΗΔͺγχϩܗͲ͍Ζ  . 

 

  

 

ਦ 4: (ൕ)बغഔ෾زͳ(ൕ)ಋबغ෾ز . 

 գఖز͹෾ͯ࢝ .3

3.1. ν΢ϕ� ,�� बغഔ෾ز 

ν΢ϕ  I ͹ྭͳ͢ͱϔϫρέαʖχܧሺͳȀͷሻ ൌ ͲͲͲͲͳͲىफ़͠ΗΖବԃܗबٌغಕΝ༽͏Ζ . 

͞͹बٌغಕͺବԃܗ෈ಊ఼ܳ͗յ఺෾زΝً͢͞ͱਫ਼ͣͪबٌغಕͲ͍Ζ . ଲΝ͵ͤγχ
ϩܗबٌغಕ͹ϔϫρέαʖχͺܵሺͳȀͷሻ ൌ ͳͲͲͲͳͲ͍Ζ . ͞ΗΔ͗յ఺෾زͲਫ਼ͣΖ  ྡֆ஍
ͺܽ௖ሺͳȀͷሻ ൌ Ͷ���ଶሺߨȀͷሻ ൌ ͳǤ͹Ͷͳͺ͹Ͳ͍Ζ[4]. ବԃܗबٌغಕ͗बغഔ෾زΝًͤ͞ྡֆ஍ܽ ൌ

ܽ௖
୮ௗሺͳȀͷሻ ൌ ͳǤ͹Ͷ͵Ͳʹͺ͹ͺͲ͹ବԃܗबٌغಕͳγχϩܗबٌغಕ͹ٌಕ఼Νਦ 5 Ͷࣖͪ͢ . 
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ਦ 5: ϔϫρέαʖχ ಕ఼ٌغሺͳȀͷሻ��ሺͲͲͲͲͳሻ͹बܧ ሼݖ଴ǡ ଵǡݖ ଶǡݖ ଷǡݖ ସሽͳϔϫρέαʖχݖ
ܵሺͳȀͷሻ��ሺͳͲͲͲͳሻ͹बٌغಕ఼ሼݓ଴ǡ ଵǡݓ ଶǡݓ ଷǡݓ ܽ .ସሽݓ ൌ ܽ௖

୮ௗሺͳȀͷሻ ൌ ͳǤ͹Ͷ͵Ͳʹͺ͹ͺ.  

ବԃܗबٌغಕͺଲসત৏Ͷ್ٌͯಕ఼ ଶݖ)  א ܵ௛ିͳݖସ א ௚ܵ
ା) Ν΍ͯ . ಋ༹Ͷγχϩܗबغ

ٌಕ΍ଲসત৏Ͷ್ٌͯಕ఼ ଴ݓ)  א ܵ௛ାͳݓଶ א ௚ܵ
ି) Ν΍ͯ . ਦ 5 ͹఼ત͹͍ͪΕͶ҈ఈଡ༹ର

͹ିܶނଵȞ௦͗೘ΕࠒΊࠪଈ͗྘Ү ଴ܸͶ , ӊଈ͗྘Ү ଵܸͳ͵Ζ . ٌಕ఼Νॵغ఼ݖ଴͖Δ௧͑͞ͳ
ͲαʖχͲͲͲͲͳ ൌ ሺͳȀͷሻΝ֮೟Ͳ͘Ζܧ . ಋ༹Ͷॵغ఼ݓ଴͖Δ௧͑͞ͳͲαʖχͳͲͲͲͳ ൌ ܵሺͳȀͷሻ

͗ಚΔΗΖ . ٌಕ఼ݖସͶ͕͏ͱଲসત ௚ܵ
ାͳଲসત͹଀ܶଶܵ௛ି͗ިࠫ͢ͱ͏Ζ͞ͳͶ஭қ͢Γ͑ . 

ຌ࿨ชͲͺ , ଲসત ௚ܵ
ାΝ݃-क࣢ͳݼ; , ٌಕ఼ݖସͲ݃-क࣢ͳިࠫ͢ͱ͏Ζ  ଀ܶଶܵ௛ିΝ݃-෯࣢ͳ

΁ݼ . 

ਦ 5 ͹ٌಕ఼ݖସͶ͕͜Ζ݃-෯࣢͹ܑ͘Ͷͯ͏ͱ௒΄Ζ . ܑ͘ͶؖͤΖࣺ଀(ࣞ(11))Νཤ༽
͢ͱܑ͘ΝͤࢋܯΖ๏๑Ν়ղͤΖ . ϏϧϟʖνܽΝ݀Όͱ , बٌغಕ఼͹Ғ஖Ν݀ఈͤΖ . 

ଶݖॵͶ࠹ ൌ ሺݔଶǡ Ͳሻͳଲসતܵ௛ି͹ ଶߦܑ͘  ൌ ͲΓΕ ଷ͗݀ΉΖߦܑ͘ , ଷߦଷͳܑ͘ݔඬ࠴-ݔଷ͹ݖͶ࣏ .
ΓΕ ସ͗݀ΉΖߦܑ͘  . ಚΔΗͪ݃ՎΝਦ 6 Ͷࣖͪ͢ . ϔϫρέαʖχܧሺͳȀͷሻ͹बٌغಕ͗ਫ਼
ͣͪྡֆ஍Ͳͺܑ͘ߦሺݖସሻͺ , ଲসત ௚ܵ͹ݔ ൌ ͳͶ͕͜Ζܑܽ͘௖ሺͳȀͷሻȀʹ ൌ ʹ���ଶሺߨȀͷሻ ൌ ͲǤ͸ͻͲͻͺ͵

Ͷ౵͢͏ . Ϗϧϟʖνܽ͗ଁՅͤΖͳܑ͘΍ଁՅͤΖ . बغഔ෾͗زਫ਼ͣΖྡֆ஍ܽ ൌ ܽ௖
୮ௗ ൌ

ͳǤ͹Ͷ͵Ͳʹͺ͹Ͳ , ܑ͘ͺ൅ͤࢆΖ . ͨ͹ޛ , ܑ͘ͺෝͶ͵ΕଁՅ͢ ਜ਼Ͷ͵Ζ;࠸ , . ͨ͢ͱ , ܑ
͘ͺ৷೘͢ͱͪ͘෈҈ఈଡ༹ର͹ܶނȞ௨͹ܑ͘ͶશۛͤΖ . གྷ੧ 1.1 ͺ٠࿨Ν෵ࡸԿͦ͠͵͏
ͪΌͶ௪৙ཤ༽ͤΖ͗ , གྷ੧ 1.1 Ν੔Εཱིͪͦͱ͏ΖݬҾ͗෈҈ఈଡ༹ର͹ܶނȞ௨͹৷೘Ͳ͍
Ζ͞ͳ͗໎Δ͖Ͷ͵ͮͪ . 
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ਦ 6: ଲসત͹଀ܶଶܵ௛ି͹ݖସ א ௚ܵ
ାͶ͕͜Ζܑ͘ߦሺݖସሻ. ܑ͗͘൅ͤࢆΖܽ͹஍͗बغഔ෾͗زਫ਼ͣ

Ζྡֆ஍(ܽ ൌ ͳǤ͹Ͷ͵Ͳʹͺ͹)Ͳ͍Ζ .  

͹Ϗϧϟʖνғଚ੓Ͷͯ͏ͱ௒΄Ζ਼ܐͶ҈ఈ੓࣏ . ྡֆ஍ܽ௖ሺͳȀͷሻ ൌ Ͷ���ଶሺߨȀͷሻΓΕܽΝ
ଁՅͦ͠ , ҈ఈ੓਼ܐΝ௒΄ͪ݃ՎΝਦ 7 Ͷࣖͪ͢ . ਦ(a)ͺବԃܗबٌغಕ͹҈ఈ੓਼ܐͲ
͍Ζ . ͞ΗΓΕबغഔ෾زգఖͺν΢ϕ  I Ͳ͍Ζ͞ͳ͗Κ͖Ζ . ਦ(b)ͺγχϩܗबٌغಕ
͹҈ఈ੓਼ܐͲ͍Ζ . ବԃܗबٌغಕ͹ϔϫρέαʖχܧሺͳȀͷሻ͗دαʖχͲ͍Ζ͞ͳΓΕ , 

͞͹बٌغಕͺഇఛ࣢͹஦Ͳͺൕ఺γχϩܗबٌغಕͲ͍Ζ͞ͳ͗಍͖ΗΖ . Ҳ๏͹ϔϫρ
έαʖχܵሺͳȀͷሻ͗۰Ͳ͍Ζ͞ͳΓΕ , ͞͹ٌಕͺഇఛ͹஦ͲͺγχϩܗबٌغಕͲ͍Ζ͞ͳ
͗Κ͖Ζ . 

 

ਦ 7: ҈ఈ੓਼ܐ . (a) ϔϫρέαʖχܧሺͳȀͷሻ͹बٌغಕ . बغഔ෾͗زਫ਼ͣΖྡֆ஍ͺܽ ൌ

ܽ௖
୮ௗ ൌ ͳǤ͹Ͷ͵Ͳʹͺ͹. (b) ϔϫρέαʖχܵሺͳȀͷሻ͹बٌغಕ . 

बغഔ෾͗زਫ਼ͣΖྡֆ஍Ͳ݃-෯࣢͹ܑ͗͘൅ͤࢆΖ͞ͳΝࣖ͢ͱ͕͚ . ݃-෯࣢Ͷଲ݃߻

Νࡠ༽ͤΖ . 

 ݃ሺܶଶܵ௛ିሻ ൌ ܶିଶ݃ܵ௛ି ൌ ܶିଶ݄݃ܵ௛ି ൌ ܶିଷܵ௛ି ൌ ܶିହሺܶଶܵ௛ିሻǤ (28) 

͞͹ؖܐΓΕ , ݃-෯࣢Ͷଲ݃߻Νࡠ༽ͤΖ͞ͳͺ݃-෯࣢ͶܶିହΝࡠ༽ͤΖ͞ͳͳಋ஍Ͳ͍
Ζ .  
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ਦ 8: ݃-क࣢, ݃-෯࣢ͳ଀݃ሺܶଶܵ௛ିሻ͹ഓ஖ . (a) ܽ ൌ ܽ௖
௣ௗ െ ͲǤʹ. (b) ܽ ൌ ܽ௖. (c) ܽ ൌ ܽ௖ ൅ ͲǤͳ. (d) 

ܽ ൌ ܽ௖
௣ௗ ൅ ͲǤʹ. ܽ௖ ൌ ͳǤ͹Ͷ͵Ͳʹͺ͹. 

ਦ 8 Ͳͺ, ݃-෯࣢ͺࠉͲඵ͘ , ݃-෯࣢͹଀݃ሺܶଶܵ௛ିሻͺ੪Ͳඵ͏ͪ . ਦ(a)ͺबغഔ෾ز͹઴͹
য়ڱΝන͢ͱ͏Ζ . ٌಕ఼ݖଶ͹ۛ๥Ͷ݃-෯࣢ͳ  ݃-෯࣢͹଀ͳ͹ި఼ͺ͵͏ . ྡֆ஍͹য়ڱͲ
͍Ζਦ(b)Ͷ͕͏ͱ΍ಋ༹Ͳ͍Ζ . ͞͹৖߻ͺ , ݃-෯࣢ͳ݃-෯࣢͹଀ٌ͗ಕ఼ݖଶͲં͢ͱ͏Ζ . 

ͯΉΕ , ݃-෯࣢ͳ݃-෯࣢͹଀͹ܑ͘ͺͳ΍Ͷ൅͢ࢆͱ͏Ζ . बغഔ෾ز͹ޛ͹য়ڱͲ͍Ζਦ
(c)ͳ(d)Ͷ͕͏ͱ , ݃-෯࣢ͳ݃-෯࣢͹଀͹ި఼͗ਫ਼ͣΖ . ٌಕ఼ݖଶ͹ࠪԾ๏͹ٌಕ఼Νݑଶͳ
ͤΖͳ ଻��ሺൌݑଶ͹ࠪ৏๏͹ٌಕ఼ͺݖ , ଶሻͲ͍Ζݑ݃ . ͞ΗΔͺٌಕ఼ ଶΓΕਫ਼ٌ໊ͣͪಕ఼Ͳݖ 
बغͺ 10 Ͳ͍Ζ . ಚΔΗͪ݃ՎΝ੓࣯ 3.1 ͳͤΖ .   

 

੓࣯ 3.1. ݃-क࣢৏͹ٌಕ఼͗ݖबغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕ఼͗݃-෯࣢৏Ͷ͍Ζ৖߻ , 

बغഔ෾ز͹ྡֆ஍Ͳٌಕ఼ݖͶ͕͜Ζ݃-෯࣢͹ܑ͘ͺ൅ͤࢆΖ . 

 

ଷ��ሺൌݖ଴ͳݖಕ఼ଲٌંۛ࠹ Νਦࢢ଴ሻ͖Δٌ໊ಕ఼͗ਫ਼ͣΖ༹ݖ݃ 9 Ͷࣖͪ͢ . ͞ΗΔͺͳ΍Ͷ
྘Ү ଴ܸͶଚͤࡑΖ . ٌಕ఼ݖ଴͖Δਫ਼ٌͣͪಕ఼ 0 ͺӊ๏޴ͶҢಊ͢྘Ү ଵܸͶ೘Ζ . Ҳ๏͹ٌಕ
఼ 5 ͺࠪ๏޴ͶҢಊ͢྘Ү ଴ܸͶཻΉΖ . ٌಕ఼ݖଷ͖Δਫ਼ٌͣͪಕ఼ 3 ͺӊ๏޴ͶҢಊ͢྘Ү ଵܸ

Ͷ೘Ζ . Ҳ๏͹ٌಕ఼ 8 ͺࠪ๏޴ͶҢಊ͢྘Ү ଴ܸͶཻΉΖ . ͞͞Ͳٌಕ఼ 0 (5) Ͷ݃Νࡠ༽ͤ
Ζͳ , ٌಕ఼ͺٌಕ఼ 3 (8) ͶҢΖ . ٌಕ఼ݖ଴ͶܶଷΝࡠ༽ͪ͢଀ٌ͗ಕ఼ݖଷͲ͍Ζ . ٌಕ఼ݖ଴
͹ӊͶ͍Ζٌಕ఼ 0 ͶܶଷΝࡠ༽ͪ͢଀ͺٌಕ఼ 3 ͳ͵Ζ͗ , ͞͹఼ͺ  ٌಕ఼ݖଷ͹ӊͶ͍Ζ . 

Ήͪ , ٌಕ఼ݖ଴͹ࠪͶ͍Ζٌಕ఼ 5 ͶܶଷΝࡠ༽ͪ͢଀ͺٌಕ఼ 8 ͳ͵Ζ͗ , ͞͹఼ͺٌಕ఼ݖଷ
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͹ࠪͶ͍Ζ . ࣺ଀ܶଷ͹ࡠ༽Ͳࠪӊ͹ؖܐͺฯଚ͠ΗΖ . ͞͹Γ͑͵ٌಕ఼͹ҢಊΝͳ΍͵͑  

बغഔ෾زΝ๏޴ฯଚܗͲ͍ΖͳනͤݳΖ . 

 

ਦ 9: ฾ٌಕ఼ሼݖ଴ǡ ڮଵǡݖ ܽ ͻሽ. (a)ڮସሽͳٌ໊ಕ఼ሼͲǡͳǡݖ ൌ ܽ௖ሺͳȀͷሻ ൅ ͲǤͶ ൌ ͳǤ͹ͺͳͻ͹. (b)ܽ ൌ ͵Ǥʹ. 

 

ਦ 10: बغഔ෾͗زฯଚܗͲ͍Ζ৖߻Ͷ͕͜Ζ , ٌ໊ಕ͹αʖχ͹݀ఈ๏๑ ͹ߨ͹ޛ࠹ .
Ͳǡͳǡڮ ͻͺਦ 9 Ͷ͕͜Ζٌ໊ಕ఼ͲǡͳǡڮͻΝන͢ͱ͏Ζ .  

बغഔ෾͗ز๏޴ฯଚܗͲ͍Ζ͞ͳΝ೨ಆͶ͕͏ͱਫ਼ٌ໊ͣͪಕ͹αʖχΝ݀ఈ͢Γ͑ . 

ͨ͹ͪΌͶ฾ٌಕ͹αʖχ͹࠹ঘ஍නݳ  (ਜ਼وනݳͲ΍͍Ζ) Ν್ͯ࿊କ͢ͱॽ͚(ਦ 10). 

઎Ͷफ़΄ͪΓ͑Ͷٌಕ఼ 0 ͳ 3 ͗྘Ү ଵܸͶҢಊͤΖ . ͞ΗΓΕٌಕ఼Ͳͳ͵͹αʖχΝ 1 ͳॽ
͘௜ͤ . ಚΔΗͪαʖχͳͲͲͳͳ ڄ ͲͲͲͲͳΝϔϫρέͲනࣖͤΖͳܦሺͳȀͷሻܧሺͳȀͷሻ͗ಚΔΗΖ ࠹) 
ঘ஍නݳͲͺܧሺͳȀͷሻܦሺͳȀͷሻ). ٌંۛ࠹ಕ఼͖Δਫ਼ٌ໊ͣͪಕ͹Ңಊ͹࢕๏Ν΍ͳͶٌ໊ಕ͹
αʖχΝ݀ఈ๏๑Ν ๑ͳ໌෉͜Ζ͓׷஖͘ߺىಕ఼ٌંۛ࠹Ͷ݁؈ , . 

฾ٌಕ͗ν΢ϕ  I ͹෾زգఖΝًͤ͞ড়݇Ν࣏Ͷࣖͤ .   

 

ড়݇ 3.2. ฾बٌغಕ͗ਫ਼ͣͪ௜ޛͶ͕͏ͱବԃܗͲ͖ͯدαʖχͲ͍Ζ͞ͳ . 

 

ͶึଏΝफ़΄ͱ͕͚ޛ࠹ . Ҳࣺݫ࣏଀Ͳ͠ڂݜΗͪबغഔ෾زͺν΢ϕ  I Ͳ͍Ζ . Ҳݫ࣏
ࣺ଀Ͷ͕͜Ζबغഔ෾ز͹࿨ชͺඉ৙Ͷଡ͚͍Ζ͗ , ϓΟ΢ΰϱώΤϞ  (M. J. Feigenbaum) 

ͶΓͮͱॽ͖Η್ͪͯ͹࿨ช͗बغഔ෾ز͹΍ͯ૮ࣇ੓ͶؖͤΖڂݜ͹ड़൅ͳ͵ͮͪժغద
͵࿨ชͲ͍Ζ[7, 8]. Ҳࣺݫ࣏଀Ͷ͕͜Ζबغഔ෾زͶؖͤΖ೘໵ॽͳ͢ͱߡࢂชݛ [9, 10]

Νಣ΋͞ͳΝשΌΖ . Ήͪ ݛชߡࢂͶͯ͏ͱͺزഔ෾غ଀Ͷ͕͜Ζबࣺݫ್࣏ , [11]͗ༀͶ
ͪͯ . 



 

t 22 t 

 

3.2. ν΢ϕ� ,,�� बغഔ෾͖Δൕबغഔ෾ز�� ಋबغ෾ز΃ 

ν΢ϕ  II ͹ྭͳ͢ͱγχϩόʖχ෾زͲਫ਼ͣͪबٌغಕΝ༽͏Ζ . ϔϫρέαʖχ
ሺͳȀ͵ሻܧሺͳȀͶሻܧ ൌ ͲͲͲͳ ڄ ͲͲͳͳܧሺͳȀͶሻܦሺͳȀ͵ሻ ൌ ͲͲͲͳ ڄ ͳͳͳ͹बٌغಕ͗ଲͲਫ਼ͣΖ . ϔϫρέα
ʖχܧሺͳȀͶሻܧሺͳȀ͵ሻͺ۰Ͳ͍Ζ . ͞͹बٌغಕͺ , γχϩόʖχ෾ز͹௜ޛͲͺγχϩܗͲ͍
Εഇఛ࣢͹஦Ͳ΍γχϩܗͲ͍Ζ . ΍͑Ҳͯ͹ϔϫρέαʖχܧሺͳȀͶሻܦሺͳȀ͵ሻ͹बٌغಕ͗ਫ਼
ͣͪ௜ޛͺବԃܗͲ͍Ζ . ϔϫρέαʖχܧሺͳȀͶሻܧሺͳȀ͵ሻͺ۰Ͳ͍ΖͪΌͶ , Ϗϧϟʖν͹ଁ
ՅͶͳ΍͵͏͞͹बٌغಕͺबغഔ෾زΝ࠹ॵͶً͢͞ Νً͢͞زഔ෾غͶൕब࣏ , ޛ࠹ ,
Ͷಋबغ෾زΝً͢͞ͱγχϩܗͳ͵Ζ . ͯΉΕϔϫρέαʖχܧሺͳȀͶሻܧሺͳȀ͵ሻ͹बٌغಕͺ
ν΢ϕ  II ͹෾زգఖΝًͤ͞͞ͳ͗Κ͖Ζ .  

ࣺ଀ܶ଻͹ଲ߻නݳΝ಍೘ͤΖ .  

 ܶ଻ ൌ ݄ ל ݃ܶ଺Ǥ (29) 

ଲܶ݃߻଺Ͷؖ͢ͱ෈ร͵ॄ߻ͺܶିଷ
௚ܵͲ͍Ζ . ͯΉΕ ,  

 ݃ܶ଺ሺܶିଷ
௚ܵሻ ൌ ݃ܶଷ

௚ܵ ൌ ܶିଷ݃ ௚ܵ ൌ ܶିଷ
௚ܵǤ  

ଲসતܵ௛ିΝ݄-क࣢ͳ໌෉͜ , ଀ܶିଷ
௚ܵ
ିΝ݄-෯࣢ͳ໌෉͜Ζ . ଀ܶିଷ

௚ܵͶଲ݄߻Νࡠ༽ͤΖͳ , 

 ݄ܶିଷ
௚ܵ ൌ ܶଷ݄ ௚ܵ ൌ ܶଷ݄݃ ௚ܵ ൌ ܶସ

௚ܵ ൌ ܶ଻ሺܶିଷ
௚ܵሻ  

͗ಚΔΗΖ . ͯΉΕ , ݄-෯࣢Ͷ݄Νࡠ༽ͤΖ͞ͳͺ݄-෯࣢Ͷࣺ଀ܶ଻Νࡠ༽ͤΖ͞ͳͳಋ஍Ͳ͍
Ζ . 

Γ͓͑ߡΝݳන߻Ͷࣺ଀ܶ଻͹พ͹ଲ࣏ .  

 ܶ଻ ൌ ܶ଺݄ ל ݃Ǥ (30) 

ଲܶ߻଺݄Ͷؖ͢ͱ෈ร͵ॄ߻ͺܶଷܵ௛Ͳ͍Ζ . ଲসત ௚ܵ
ିΝ݃-क࣢ͳ໌෉͜ , ଀ܶଷܵ௛ିΝ݃-෯࣢ͳ

໌෉͜Ζ . ଀ܶଷܵ௛Ͷଲ݃߻Νࡠ༽ͤΖͳ  

 ݃ܶଷܵ௛ ൌ ܶିଷ݃ܵ௛ ൌ ܶିଷሺ݄݃ሻܵ௛ ൌ ܶିସܵ௛ ൌ ܶି଻ሺܶଷܵ௛ሻ  

͗ಚΔΗΖ . ݃-෯࣢Ͷ݃Νࡠ༽ͤΖ͞ͳͺ݃-෯࣢Ͷࣺ଀ܶି଻Νࡠ༽ͤΖ͞ͳͳಋ஍Ͳ͍Ζ .  

ϔϫρέαʖχܧሺͳȀͶሻܦሺͳȀ͵ሻ͹बٌغಕͳܧሺͳȀͶሻܧሺͳȀ͵ሻ͹बٌغಕ͗γχϩόʖχ෾زͲ  

ਫ਼ͣΖ༹ࢢΝਦ 11 Ͷࣖͪ͢ . ਦ(a)Ͳͺ , ଀ܶସ
௚ܵ
ି͗ଲসતܵ௛ିͳં͢ͱ͏Ζ . ͞͹য়͗ڱγχ

ϩόʖχ෾ز͹ྡֆ஍Ͳਫ਼ͣΖ . Ϗϧϟʖν͹ଁՅͶͳ΍͵͏ٌಕ఼ݖଵͳݓଵͺ  ଲসતܵ௛ି৏
ΝࠪӊͶ཯Ηͱ͏͚ . ٌಕ఼ݖଵͳݓଵ͹ؔͶ෈҈ఈଡ༹ର͹ܶނȞ௨͗৷೘͢ͱ͏Ζ͞ͳͶ஭қ
͢ͱΆ͢͏ . ଲস੓ΓΕ҈ఈଡ༹ର͹ିܶނଵȞ௦��ሺൌ ݄ሺܶȞ௨ሻሻ΍৷೘͢ͱ͏Ζ . ٌಕݖଵͺϔϫρέ
αʖχܧሺͳȀͶሻܦሺͳȀ͵ሻ͹बٌغಕ఼Ͳ͍Ε , ਫ਼ͣͪ௜ޛͺବԃܗͲ͍Ζ . Ҳ๏͹ٌಕݓଵͺϔϫ
ρέαʖχܧሺͳȀͶሻܧሺͳȀ͵ሻ͹बٌغಕ఼Ͳ͍Ε , ਫ਼ͣͪ௜ޛͺγχϩܗͲ͍Ζ . 



 

t 23 t 

 

 

ਦ 11: (a) γχϩόʖχ෾ز͹ྡֆ஍ܽ ൌ ͵Ǥʹͳ͹ͲͲͲ͵ͳʹ. ଀ܶସ
௚ܵ
ି͗ଲসતܵ௛ିͳં͢ͱ͏Ζ . (b) 

γχϩόʖχ෾͗زਫ਼ͣͪ௜ޛ . ٌಕ఼ݖଵ͗ବԃܗबٌغಕͲ , ٌಕ఼ݓଵ͗γχϩܗबٌغ
ಕ . ܽ ൌ ͵ǤͶ. 

 

ਦ 12: ବԃٌܗಕ͹҈ఈ੓਼ܐ͹Ϗϧϟʖνғଚ੓ . γχϩόʖχ෾ز͹ྡֆ஍  ܽ ൌ

͵Ǥʹͳ͹ͲͲͲ͵ͳʹ . (a) बغഔ෾ز͹ྡֆ஍  ܽ ൌ ͵Ǥʹͳ͹ͲͲ͸͵ʹ . (b) ൕबغഔ෾ز͹ྡֆ஍  ܽ ൌ

ͶǤͲ͵͹ʹ͹ʹͻʹ, ಋबغ෾ز͹ྡֆ஍  ܽ ൌ ͶǤͲ͵ͺʹͻʹͺʹ. ܮߺىଷͳܴଷͶͯ͏ͱͺ , ୊ 3.2 ઇ͹ ޛ࠹ 
Ͳઈ໎ͤΖ . 

ϔϫρέαʖχܧሺͳȀͶሻܦሺͳȀ͵ሻ͹ବԃܗबٌغಕ͹҈ఈ੓਼ܐΝ௒΄Ζ . ҈ఈ੓਼ܐͺϏϧ
ϟʖνܽ͹ଁՅͶͳ΍͵͏ ሺܽሻݎ ൌ ʹΓΕݰঙ͢ͱ ሺܽሻݎ ൌ െʹͶୣ͢ߍͶݰঙͤΖ (ਦ 12(a)). 

ሺܽሻݎ ൌ െʹͲबغഔ෾͗زਫ਼ͣΖ ሺܽሻݎ . ൏ െʹ͗੔ΕཱིͯϏϧϟʖν྘ҮͲͺ , बٌغಕͺൕ఺
Ν൒͑γχϩܗͲ͍Ζ . ҈ఈ੓਼ܐͺ౏஦ͲଁՅͶ఺ͣ ሺܽሻݎ;࠸ , ൌ െʹͶ͵Ζ . ͯΉΕ , ൕ
बغഔ෾͗زਫ਼ͣͱବԃܗͶ໯Ζ शదͶ࠹ . , ͞͹बٌغಕͺݎሺܽሻ ൌ ʹΝຮͪͤܽ͹஍Ͳಋब
ͳ͵Ζ(ਦܗΝً͢͞ͱγχϩز෾غ 12(b)). Ґ৏ΓΕϔϫρέαʖχܧሺͳȀͶሻܦሺͳȀ͵ሻ͹बغ
ٌಕͺν΢ϕ  II ͹෾زգఖΝًͤ͞͞ͳ֮͗೟Ͳͪ͘ . 

ਦ 13(a)ͶͺϔϫρέαʖχܦሺͳȀ͵ሻܧሺͳȀͶሻ͹฾ٌಕΝඵ͘ , ਦ 13(b)Ͷͺϔϫρέαʖχ
ሺͳȀͶሻ͹ٌ໊ಕΝඵ͏ͪܧሺͳȀ͵ሻܦሺͳȀͶሻܧሺͳȀ͵ሻܧ . ਦ(a)Ͳ , ್ͯ͹ٌಕ఼ݖ଴ͳݖଵ��ሺൌ Ͷ྘ڠ଴ሻͺݖ݃
Ү ଵܸͶ͍Ε ಕ఼Ͳ͍Ζٌͪ͢ંۛ࠹ֆͶڧ͖ͯ , . बغഔ෾ޛز , ͞ΗΔ͹఼ΓΕਫ਼໊ͣͪ
ٌಕ఼͹Ңಊ͹࢕๏Ν௒΄Ζ . ٌಕ఼ݖଵ͖Δଲসતܵ௛ି৏Ͷٌ໊ಕ఼ݑଵͳ଼͗ݑਫ਼ͣΖ . ͞ΗΔ
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ͺ , ਦ(b)Ͳͺ 1 ͳ 8 ͳ͠ࡎىΗͱ͏Ζ . ٌಕ఼ݑଵͺࠪͶҢಊ͢ , ྘Ү ଴ܸͶ೘Ζ . ٌಕ఼଼ݑͺӊ
ͶҢಊͤΖ͗྘Ү ଵܸͶཻΉΖ  (ਦ(b)). ਦ 13 Ͳ, ॐͶ೘ͮͱ͏Ζ఼ત͹͍ͪΕͶ҈ఈଡ༹ର
͹ିܶނଵȞ௦͗৷೘ͤΖ . ٌಕ఼ݑଵͳ݃-ଲΝ͵ٌͤಕ఼ݑ଴΍྘Ү ଴ܸͶҢಊͤΖ . ͖͢͢ , ٌಕ఼
଻ͺ྘Үݑͳ݃-ଲΝ͵ٌͤಕ఼଼ݑ ଵܸͶཻΉΖ . ฾ٌಕ఼ݖ଴͹ࠪͶٌ໊ಕ఼ݑ଴͍͗Ε , ӊͶݑ଻͗
͍Ζ . Ήͪ , ฾ٌಕ఼ݖଵ͹ࠪͶٌ໊ಕ఼ݑଵ͍͗Ε , ӊͶ଼͍͗ݑΖ . ࠪӊ͹ࣺؖ͗ܐ଀ܶͲฯଚ
͠Ηͱ͏Ζ . ͯΉΕ , ๏޴ฯଚܗ͹बغഔ෾͗زਫ਼ͣͱ͏Ζ . 

 

ਦ 13: (a) ฾ٌಕ . ϔϫρέαʖχܦሺͳȀ͵ሻܧሺͳȀͶሻ��ሺͳͳͳ ڄ ͲͲͲͳሻ. (b) बغഔ෾زͲਫ਼ٌ໊ͣͪ
ಕ . ੖਼݇ͺ఼ݑ௞Νනͤ . ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀͶሻܦሺͳȀ͵ሻܧሺͳȀͶሻ��ሺͲͲͳ ڄ ͲͲͲͳ ڄ ͳͳͳ ڄ ͲͲͲͳሻ. 

ܽ ൌ ͵Ǥ͵. 

 

ਦ 14: ฾ٌಕ఼ݖସΓΕٌ໊ಕ఼ݑସͳݑଵଵ͗ਫ਼ͣΖ༹ࢢ . (a) ܽ ൌ ͵Ǥʹͳ͹ͲͲͲ͵͵. (b) ܽ ൌ ͵Ǥʹͳ͹ͲͲʹͷ. 

(c) ܽ ൌ ͵Ǥʹͳ͹ͲͲ͸͵ʹ. (d) ܽ ൌ ͵Ǥʹͳ͹Ͳʹ. 
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͞͹बغഔ෾زΝشՁָదͶཀྵմͤΖͪΌͶ , ఼ ସݖ א ௚ܵ
ିͶ͕͜Ζ଀ܶଷܵ௛ିͳ଀ܶିସܵ௛ି��ሺൌ

݃ܶଷܵ௛ିሻ͹ؖܐΝ௒΄Ζ . ਦ 14 Νݡͱཋ͢͏ . ਦ(a)Ͳͺ , ଀ܶଷܵ௛ିͳ଀ܶିସܵ௛ି��ሺൌ ݃ܶଷܵ௛ିሻ͗ଲস
ત ௚ܵ

ିͳં͢ͱ͏Ζ . ͞Ηͺγχϩόʖχ෾ز͹ྡֆ஍Ͳ͹য়ڱͲ͍Ζ . γχϩόʖχ෾زͲ
ਫ਼఼್ͣͪݖସͳݓସͺଲসત ௚ܵ

ି৏Ͷ͍Ε Ͷ཯Ηͱ͏͚͏ޕ   (ਦ(b)). ਦ(c)Ͳͺ , ଀ܶଷܵ௛ିͳ଀
ܶିସܵ௛ି͗࠸;ં͢ͱ͏Ζ . ఼ݖସͲ , ྈं͹ܑ͘ͺ൅͢ࢆͱ͏Ζ͞ͳͶ஭қ͢Γ͑ . ͨ͹ޛ , ਦ
(d)Ͳͺ఼ݖସΓΕबغഔ෾زͲਫ਼ٌ໊ͣͪಕ఼ݑସͳݑଵଵ��ሺൌ ସሻ͗ඵ͖Ηͱ͏Ζݑ݄ . Ϗϧϟʖν͹
ଁՅͶͳ΍͵͏఼್ݑସͳݑଵଵͺଲসત ௚ܵ

ି৏Ν఼ݖସΓΕ཯Ηͱ͏͚ . 

 
ਦ 15: बغഔ෾ز઴ޛͶ͕͜Ζ଀ܶଷܵ௛ି͹ٌಕ఼ݖସͶ͕͜Ζܑ͘ߦሺݖସሻ͹รԿ . 

 

଀ܶଷܵ௛ି͹఼ݖସͶ͕͜Ζܑ͘ߦሺݖସሻΝਦ 15 Ͷࣖͪ͢ . γχϩόʖχ෾ز఼Ͳͺܑ͘ͺଲসત

௚ܵ
ି͹ܑ͘Ͷ౵͚͢ෝͲ͍Ζ . बغഔ෾ز͹ྡֆ஍Ͳ൅͢ࢆ , ྡֆ஍Νգ͙Ζͳܑ͘ͺਜ਼ͳ͵

Ζ . 

  

ਦ 16: ൕबغഔ෾ز . (a) ܽ ൌ ͶǤͲ͵͹ʹ͹ʹͻʹ. ఼ݖଵΝ௪գ͢ͱ͏Ζ௜તͺܑ͘ 2 ͹௜ત . (b) ܽ ൌ

ͶǤʹ. 

Ζͤ౾ݗΝًͤ͞գఖΝزഔ෾غಕ͗ൕबٌغሺͳȀ͵ሻ͹बܦሺͳȀͶሻܧͶϔϫρέαʖχ࣏ . ൕ
बغഔ෾زͲͺٌಕ఼ݖସ͖Δ್ͯ͹ٌ໊ಕ఼͗ଲসત ௚ܵ

ି৏Ͷਫ਼ͣΖ . ͨ͹ͪΌ  ൕबغഔ෾
ଵͲܶସݖਫ਼ͣΖ͞ͳΝ֮೟ͤΖͪΌͶͺଲসતܵ௛ି৏͹఼͗ز

௚ܵ
ିͳܶିଷ

௚ܵ
ି͹ؖܐΝ؏ͤࡱΖචགྷ

͍͗Ζ . ਦ 16(a)Ͳͺ , ܶସ
௚ܵ
ିͳܶିଷ

௚ܵ
ି ఼͗ݖଵͶ͕͏ͱඉԥஇదިࠫΝ͢ͱ͏Ζ . ྈं͹ܑ͘ͺ

ͳ΍Ͷ 2 Ͳ͍Ζ . ఼ݖଵΝ௪գͤΖܑ͘ 2 ͹௜તΝਦ(a)Ͷ௧Յ͢ͱ͍Ζ . ͞͹য়͗ڱൕबغഔ
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෾ز͹ྡֆ஍Ͳਫ਼ͣΖ . ਦ 16(b)Ͳͺ , ఼ݖଵ͖Δਫ਼ٌ໊ͣͪಕ఼ݒଵͳ଼ݒ��ሺൌ Ͳ͘Ζࡱ؏ଵሻ͗ݒ݄ . 

 

ਦ 17: (a) ଀ܶସ
௚ܵ
ି͹ٌಕ఼ݖଵͶ͕͜Ζܑ͘ߦሺݖଵሻͺ, ෝ͖Δਜ਼΃ͳรԿͤΖ . (b) ܑ͗͘ 2 Ͷ͵

ͮͪϏϧϟʖν஍Ͳൕबغഔ෾͗زਫ਼ͣΖ . 

଀ܶସ
௚ܵ
ି͹఼ݖଵͶ͕͜Ζܑ͘͹Ϗϧϟʖνғଚ੓Νਦ 17 Ͷࣖͪ͢ . ఼ݖଵ͗γχϩόʖχ෾ز

Ͳਫ਼ͣͪ௜ޛ͹ܑ͘ͺෝͲ͍Ζ . ܑ͗͘൅ޛͪ͢ࢆ , ܑ͘ͺਜ਼Ͷ͵Ζ . ͨ͹ޛ , ܑ͘ͺݰঙ
͢ , ܑ͗͘ 2 Ͷ͵ͮͪϏϧϟʖν஍Ͳൕबغഔ෾͗زਫ਼ͣΖ . Ґ৏͹݃ՎΝΉͳΌͱ੓࣯ 3.3

ͳͤΖ . 

 

੓࣯ 3.3. ݄-क࣢৏͹ٌಕ఼͗ݖबغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕ఼݄͗-෯࣢৏Ͷ͍Ζ৖߻ , 

(ൕ)बغഔ෾ز͹ྡֆ஍Ͳٌಕ఼ݖͶ͕͜Ζ݄-෯࣢͹ܑ͘ͺ 2 Ͳ͍Ζ . 

  

ਦ 18: (a) ฾ٌಕ఼ . ϔϫρέαʖχ ሺͳȀͶሻ��ሺͳͳͳܧሺͳȀ͵ሻܦ  ڄ ͲͲͲͳሻ. (b) ൕबغഔ෾زͲਫ਼ͣͪ
ٌ໊ಕ఼ . ੖਼ ݇ͺݒ௞ΝқັͤΖ . ϔϫρέαʖχ  ܵሺͳȀ͵ሻܧሺͳȀͶሻܨሺͳȀ͵ሻܧሺͳȀͶሻ��ሺͲͳͳ ڄ ͲͲͲͳ ڄ

ͳͲͳ ڄ ͲͲͲͳሻ. ܽ ൌ ͶǤ͸. 

ൕबغഔ෾زΝًͤ͞฾ٌಕΝਦ 18(a)Ͷඵ͘ , ൕबغഔ෾زͲਫ਼ٌ໊ͣͪಕΝਦ 18(b)

Ͷඵ͏ͪ . ॐͶ೘ͮͱ͏Ζ఼ત͹͍ͪΕͶ҈ఈଡ༹ର͹ିܶނଵȞ௦͗৷೘͢ , ఼ત͹ࠪଈ͗྘Ү

଴ܸͳ͵Εӊଈ͗྘Ү ଵܸͳ͵Ζ . ൕबغഔ෾زͶ͕͏ͱͺ ଼ݒ , ൌ ଻ݒ଴ͳݒ݃ ൌ ଵ͗੔Εཱིͯݒ݃ ଴ݖ .
͹ࠪͶݒ଴͍͗Ε , ӊͶݒ଻͍͗Ζ . ͖͢͢ Ε଼͍͗ݒଵ͹ࠪͶݖ , , ӊͶݒଵ͍͗Ζ . ࠪӊ͹ࣺؖ͗ܐ
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଀ܶͲൕ఺͢ͱ͏Ζ . ͯΉΕ , ൕबغഔ෾زͲͺ๏޴ൕ఺͗ܗਫ਼ͣΖ . Ґ৏ΓΕ੓࣯ 3.4 ͗ಚ
ΔΗΖ . 

 

੓࣯ 3.4. बغഔ෾͗ز઎Ͷਫ਼ͣ ߻ਫ਼ͣΖ৖͗زഔ෾غͶൕब࣏ , , बغഔ෾ز͹ν΢ϕͺ๏
Ͳܗฯଚ޴ , ൕबغഔ෾ز͹ν΢ϕͺ๏޴ൕ఺ܗͲ͍Ζ .   

 

฾ٌಕͺޛ࠹Ͷಋबغ෾زΝً͢͞ͱγχϩܗबٌغಕͳ͵Ζ . ब͗غ 7 ͹್ͯ͹ٌ໊ಕ
͗ਫ਼ͣΖ͗͞ΗΔͺඉଲসबٌغಕͲ͍Ζ . 

 

ਦ 19: ٌ໊ಕ͹ߺىԿوଉ . (a) बغഔ෾ز . (b) ൕबغഔ෾ز . 

Ͳਫ਼ٌ໊ͣͪಕ͹ϔϫρέαʖχΝ݀ΌΓ͑ز͹෾ͯࢀ . बغഔ෾زͲਫ਼ٌ໊ͣͪಕ͹ٌ
ಕΝඵ͏ͪਦ 13(b)ΝݡΓ͑ . ड़൅఼ݑ଴ΓΕٌಕ఼Ν௧͑͞ͳͲٌಕ఼͹ߺىΝॳ࣏݀ΌΖ
͞ͳ͗Ͳ͘Ζ . ͞͞Ͳݑଵ ൌ ଴Ͳ͍Ζݑ݃ . ఼ݑ଴͗ਫ਼ͣͪ௜ޛͺ఼ݖଵ͹͚ۛͶ͍Ζ͗ , Ϗϧϟʖν
͹ଁՅͶͳ΍͵͏ࠪͶҢಊ͢࠹शదͶ྘Ү ଴ܸͶ೘Ζ . Ҳ๏͹఼ݑଵ΍ಋ༹ͶҢಊΝ͢ͱ྘Ү ଴ܸ

Ͷ೘Ζ . ਜ਼وනܦݳሺͳȀ͵ሻܧሺͳȀͶሻΝ್ͯ࿊କͪ͢නݳΝ༽қͤΖ(ਦ 19(a)). ఼್ݑ଴ͳݑଵ͹ߺى
1 Ν 0 Ͷॽ͓͘׷Ζ͞ͳͲٌ໊ಕ͹αʖχ͗ಚΔΗΖ . ಚΔΗͪαʖχΝϔϫρέαʖχන
ࣖͲॽ͚ .  

 ͲͲͳͲͲͲͳ ڄ ͳͳͳͲͲͲͳ ൌ ሺͳȀͶሻܧሺͳȀ͵ሻܧ ڄ  ሺͳȀͶሻǤ (31)ܧሺͳȀ͵ሻܦ

Ͳਫ਼ٌ໊ͣͪಕ͹ٌಕΝඵ͏ͪਦزഔ෾غͶൕब࣏ 18(b)ΝݡΓ͑ . ͞͞Ͳ଼ݒ ൌ ଴Ͳ͍ݒ݃
Ζ . ఼ݒ଴͗ਫ਼ͣͪ௜ޛͺ఼ݖଵ͹͚ۛͶ͍Ζ͗ , Ϗϧϟʖν͹ଁՅͶͳ΍͵͏ࠪͶҢಊ͢࠹श
దͶ྘Ү ଴ܸͶ೘Ζ . Ҳ๏͹఼଼ݒ΍ಋ༹ͶҢಊΝ͢ͱ྘Ү ଴ܸͶ೘Ζ . ਜ਼وනܦݳሺͳȀ͵ሻܧሺͳȀͶሻΝ್
ͯ࿊କͪ͢නݳΝ༽қͤΖ(ਦ 19(b)). ఼್ݒ଴ͳ଼ݒ͹ߺى 1 Ν 0 Ͷॽ͓͘׷Ζ͞ͳͲٌ໊ಕ͹
αʖχ͗ಚΔΗΖ . ಚΔΗͪαʖχΝϔϫρέαʖχͲॽ͚ . 

 ͳͲͳͲͲͲͳ ڄ ͳͲͳͲͲͲͳ ൌ ܵሺͳȀ͵ሻܧሺͳȀͶሻ ڄ  ሺͳȀͶሻǤ (32)ܧሺͳȀ͵ሻܨ

͞͹නݳ͹઴ൔ͹αʖχܵሺͳȀ͵ሻܧሺͳȀͶሻ ൌ ͳͲͳ ڄ ͲͲͲͳͳ ሺͳȀͶሻܧሺͳȀ͵ሻܨൔ͹αʖχޛ , ൌ Ͳͳͳ ڄ ͲͲͲͳ

ͺؔ࣎ൕ఺ଲͲ͍Ζ Ν॰յ͢ͱ΍್ͯ͹αʖχͺҲ஗͢͵͏͞ͳΓΕߺى . , ͞ΗΔ͹αʖ
χͲىफ़͠ΗΖबٌغಕ͗ඉଲসबٌغಕͲ͍Ζ͞ͳ͗Κ͖Ζ . ͞ΗΔͺಋबغ෾زͲਫ਼ͣ
್ͪͯ͹ٌ໊ಕ͹ϔϫρέαʖχͲ͍Ζ . Ґ৏ͲಚΔΗͪ݃ՎΝΉͳΌͱ੓࣯ 3.5 ͳͤΖ .   

 

੓࣯ 3.5. ൕबغഔ෾زͲਫ਼ٌ໊ͣͪಕ͹ϔϫρέαʖχΝ ௟ܲ ௥ܲͳͤΖ . ௟ܲͳ ௥ܲͺಋबغ෾ز
Ͳਫ਼್ͣͪͯ͹໊ඉଲসबٌغಕ͹ϔϫρέαʖχͲ͍Ζ . 

 

ඉଲসबٌغಕΝ૮ฑ໚Ͳඵ͚͞ͳ͗Ͳ͘͵͏͹Ͳ , αʖχΝཤ༽͢ͱߺىฑ໚Ͳಋबغ
෾زͲਫ਼್ͣͪͯ͹ٌ໊ಕΝඵ͚(ਦ 20). ฾ٌಕ͹ٌಕ఼ݖƸଵΓΕݑොଵͳݒොଵ͗ਫ਼ͣΖ . ͞ΗΔͺ
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ଲসત መܵ௛Ͷؖ͢ͱଲস͵Ғ஖Ͷ͍Ζ ฑ໚Ͳఈٝ͠Ηࣺͪ଀ߺى . , ଲ߻͵Δ;Ͷबٌغಕ͹
ඵ͘๏Ͷͯ͏ͱͺ෉࿧ A Ͳઈ໎ͪ͢ . 

  

ਦ ฑ໚৏Ͷ͕͜Ζ್ͯ͹ඉଲসٌ໊ಕ͹ٌಕ఼ߺى :20  (ͲͳͳͲͲͲͳʁ੼؛ , ͳͲͳͲͲͲͳʁ੪؛)

ͳ , ଲসबٌغಕ఼  (ͳͳͳͲͲͲͳʁ؛ࠉ). 

ౕ࠸ , ҈ఈ੓਼ܐ͹ਦ 12 Νݡͱཋ͢͏ . ҈ఈ੓ݰ਼͗ܐঙ͢ͱݎሺܽሻ ൌ െͳͳިࠫͤΖ఼Νܮଷ
ͳ໌෉͜Ζ  (ਦ (a)). ҈ఈ੓ଁ਼͗ܐՅ͢ͱ ሺܽሻݎౕ࠸ , ൌ െͳͳިࠫͤΖ఼ΝܴଷͳͤΖ  (ਦ
(b)). ݎሺܽሻ ൌ െͳ ൌ ʹ���ሺʹߨȀ͵ሻΓΕ زಕ͗յ఺෾ٌغଷͺࣺ଀ܶ଻ΝୱҒͳ͢ͱյ఺਼ͳȀ͵͹बܮ ,
Ͳ  ਫ਼ͣΖྡֆ఼Ͳ͍Ζ͞ͳͺ؈ୱͶཀྵմͲ͘Ζ . ໲ୌͺܴଷͲ͍Ζ . մए͹࢕๏ͺ̐௪Ε͍
Ζ ሺܽሻݎ . ൌ െͳ ൌ ʹ���ሺʹ ൈ ሺെͳሻߨȀ͵ሻͳ͓ߡΗͻ ଷͲͺյ఺਼ܮ , ሺെͳȀ͵ሻ͹बٌغಕ͗յ఺෾زͲ
ਫ਼ͣͪͳմएͲ͘Ζ . ͖͢͢ , ͞͹մएͲͺյ఺਼͗ݰঙ͢ͱ͏Ζ͖Δ , ͞͹մएͺགྷ੧ 1.1

ͶൕͤΖ . གྷ੧ 1.1 ͹΍ͳͲͺݎሺܽሻ ൌ െͳ ൌ ʹ���ሺʹ ൈ Ȁ͵ሻͳ͢ͱߨʹ , ܴଷͲͺյ఺਼ሺʹȀ͵ሻ͹बٌغ
ಕ͗յ఺෾زͲਫ਼ͣͪͳմएͤΖචགྷ͍͗Ζ . ͯΉΕ , ҈ఈ੓ଁ਼͗ܐՅ͢ͱ͏ΖϏϧϟʖ
ν྘ҮͲͺ , յ఺਼ͳȀʹ ൏ ݍȀ݌ ൏ ͳȀͳ͹बٌغಕ͗յ఺෾زͲਫ਼ͣͱ͏Ζ . Ґ৏ΓΕյ఺෾ز
͹յ఺਼ۢؔ͗ሺͲǡͳȀʹሻ ׫ ሺͳȀʹǡͳሻͶ֨௃͠Ηͪ .  

฾ٌಕ͗ν΢ϕ  II ͹෾زգఖΝًͤ͞ড়݇Νࣖͤ .   

 

ড়݇ 3.6. ฾बٌغಕ͗ਫ਼ͣͪ௜ޛͶ͕͏ͱବԃܗͲ͖ͯ۰αʖχͲ͍Ζ͞ͳ . 

3.3. ν΢ϕ� ,,,�� ൕಋबغ෾͖زΔबغഔ෾ز 

3.3.1. ౛ ࿘ᮇ㌶㐨ࡓࡌ⏕ศᒱ࡛ࢻ࣮ࣀࣝࢻࢧ���  

ν΢ϕ  III ͹࠹ॵ͹ྭͳ͢ͱγχϩόʖχ෾زͲਫ਼ͣͪबٌغಕΝཤ༽ͤΖ . ϔϫρέα
ʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻͳܧሺͳȀ͵ሻܨሺͳȀʹሻܨሺͳȀʹሻ͹बٌغಕ͹෾زգఖΝ௒΄Ζ [6]. αʖχͺ
ͳ΍ͶدͲ͍Ζ͖Δ , ͞ΗΔͺഇఛ࣢͹஦Ͳͺൕ఺γχϩܗबٌغಕͲ͍Ζ . γχϩόʖχ
෾ ز Ͳ ਫ਼ ͣ ͪ ௜ ޛ ͹ ҈ ఈ ੓ ܐ ਼ Ν ਼ ஍ ܯ ࢋ Ͳ ௒ ΄ ͪ ݃ Վ , ϔ ϫ ρ έ α ʖ χ
E(1/3)E(1/2)E(1/2)͹बٌغಕ͗γχϩܗͲ , E(1/3)F(1/2)F(1/2)͹बٌغಕ͗ବԃܗͲ͍
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Ζ͞ͳ͗ಚΔΗͪ . Γͮͱ , ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͗ν΢ϕ  III ͹
෾زգఖΝࣖ͢ ಕͺν΢ϕٌغሺͳȀʹሻ͹बܨሺͳȀʹሻܨሺͳȀ͵ሻܧ ,  I ͹෾زգఖΝࣖͤ͞ͳ͗Κ͖Ζ . 

͞͞Ͳबغ 7 ͹ࣺ଀ܶ଻͹ଲ߻නݳͲࣞ(30)Νཤ༽ͤΖ . ݃-क࣢  ( ௚ܵ
ା)ͳંৰ͢ިࠫͤΖ݃-෯࣢

ͺ଀ܶଷܵ௛ିͲ͍Ζ . γχϩόʖχ෾زͲ್ͯ͹बٌغಕ఼͗ਫ਼ͣΖ༹ࢢΝਦ 21 Ͷࣖͪ͢ . ਦ͹
఼͗ܣϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͹ٌಕ఼Ͳ , ఼ܧ͗ܤሺͳȀ͵ሻܨሺͳȀʹሻܨሺͳȀʹሻ

͹बٌغಕ͹ٌಕ఼Ͳ͍Ζ . ͬ͵ΊͶ఼ܥͺϔϫρέαʖχܧሺͳȀ͹ሻ͹बٌغಕ͹ٌಕ఼Ͳ͍
Ζ . 

 

ਦ 21: ఼ܣͺϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ఼Ͳ , ఼ܤͺϔϫρέαʖχ
ಕ఼ٌغሺͳȀʹሻ͹बܨሺͳȀʹሻܨሺͳȀ͵ሻܧ . ఼ܥͺϔϫρέαʖχܧሺͳȀ͹ሻ͹बٌغಕ͹ٌಕ఼ . ܽ ൌ ͶǤͻ. 

 

ਦ 22: (a) ϔϫρέαʖχܧሺͳȀʹሻܧሺͳȀʹሻܧሺͳȀ͵ሻ͹बٌغಕ఼ . ܽ ൌ ͷ. (b) ϔϫρέαʖχ
زഔ෾غಕ͗बٌغሺͳȀ͵ሻ͹बܧሺͳȀʹሻܧሺͳȀʹሻܧ  (๏޴ൕ఺ܗ ) Νً͢͞ͱਫ਼ٌ໊ͣͪಕ఼
௞ሺͲߙ ൑ ݇ ൑ ͳ͵ሻ. ٌ໊ಕܨሺͳȀʹሻܧሺͳȀʹሻܧሺͳȀ͵ሻܧሺͳȀʹሻܨሺͳȀʹሻܧሺͳȀ͵ሻ��ሺͳͳ ڄ Ͳͳ ڄ ͲͲͳ ڄ Ͳͳ ڄ ͳͳ ڄ ͲͲͳሻ͹ٌ
ಕ఼ͺ , ਦͲͺ 0 ͖Δ 13 ͳىफ़͠Ηͱ͏Ζ . बغഔ෾ز͹ྡֆ஍ͺܽ ൌ ͶǤ͹ͺͶͺʹͳʹ͸. ఼ત͹
ࠪଈ͗྘Ү ଴ܸͳ͵Εӊଈ͗྘Ү ଵܸͳ͵Ζ . 

  



 

t 30 t 

 

ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ఼͹સରΝਦ 22(a)Ͷࣖͪ͢ . ͞͹बٌغಕ
ͺ ͶรΚΖܗΔବԃ͖ܗΝً͢͞ͱγχϩز෾غॵͶൕಋब࠹ , Νً͢͞زഔ෾غͶब࣏ .
ൕ఺γχϩܗͶ͵Ζ . बغഔ෾زͲਫ਼ٌ໊ͣͪಕΝ  ਦ 22(b)Ͷඵ͏ͪ . ਦ(a)Ͳ , ྘Ү ଴ܸͳ ଵܸ

͹ڧֆͶ͢ંۛ࠹ͱ͏Ζ఼್ݖ଴ͳݖଶ��ሺൌ ଴ሻ ͺ྘Үݖ݃ ଴ܸͶ͍Ζ . ٌಕ఼ݖ଴ΓΕٌ໊ಕ఼ߙ଴ (ਦ
Ͳͺ 0 ͳॽ͖Ηͱ͏Ζ)ͳߙ଻ ͗ਫ਼ͣΖ . ఼ߙ଴ͺӊ๏޴ͶҢಊ͢྘Ү ଵܸͶ೘Ζ . ఼ߙ଻ͺࠪ๏޴
ͶҢಊ͢྘Ү ଴ܸͶཻΉΖ . ٌಕ఼ݖଶΓΕٌ໊ಕ఼ߙଶͳߙଽ͗ਫ਼ͣΖ . ఼ߙଽͺӊ๏޴ͶҢಊ͢྘
Ү ଵܸͶ೘Ε , ఼ߙଶͺࠪ๏޴ͶҢಊ͢྘Ү ଴ܸͶཻΉΖ ଶߙ . ൌ ଽߙ଻ͳߙ݃ ൌ ଴͗੔Εཱིͯߙ݃ . ࣺ଀ܶଶ

ͶΓΖٌಕ఼͹ಊ͖͘Δ , ͞͹Ңಊ͗๏޴ൕ఺ܗͲ͍Ζ͞ͳ͗Κ͖Ζ . ͞ΗΝ੓࣯ 3.7 ͳͤ
Ζ .   

 

੓࣯ 3.7. ൕಋबغ෾͗زਫ਼ͣͪޛ͹बغഔ෾زͺ๏޴ൕ఺ܗͲ͍Ζ .   

 

ϔϫρέαʖχܧሺͳȀ͵ሻܨሺͳȀʹሻܨሺͳȀʹሻ͹बٌغಕ఼Νਦ 23(a)Ͷࣖͪ͢ ͱ͏͢ંۛ࠹ֆͶڧ .
Ζٌಕ఼ͺݓ଴ͳݓଶ��ሺൌ ଴ሻͲ͍Ζݓ݃ . ͞ΗΔͺ྘Ү ଵܸͶ͍Ζ . ͞͹৖߻ , ٌಕ఼ݓ଴ΓΕٌ໊ಕ
఼ߚ଴ͳߚ଻͗ਫ਼ͣΖ  (ਦ 23(b)Ͷ͕͜Ζ 0 ͳ 7). ٌಕ఼ݓଶΓΕٌ໊ಕ఼ߚଶͳߚଽ͗ਫ਼ͣΖ  (ਦ
23(b)Ͷ͕͜Ζ 2 ͳ 9). ఼್ߚ଻ͳߚଽͺӊ๏޴ͶҢಊ͢྘Ү ଵܸͶཻΉΕ , ఼್ߚ଴ͳߚଶͺࠪ๏޴Ͷ
Ңಊ͢྘Ү ଴ܸͶ೘Ζ ଶߙ . ൌ ଻ͳߙ݃ ଽߙ  ൌ ଴͗੔Εཱིͯߙ݃ . ࣺ଀ܶଶͶΓΖٌಕ఼͹ಊ͘ͺ๏޴ฯ
ଚܗͲ͍Ζ . 

 

  

ਦ 23: (a) ϔϫρέαʖχܨሺͳȀʹሻܨሺͳȀʹሻܧሺͳȀ͵ሻ͹बٌغಕ఼ . ܽ ൌ ͷ. (b) ϔϫρέαʖχ
زഔ෾غಕ͗बٌغሺͳȀ͵ሻ͹बܧሺͳȀʹሻܨሺͳȀʹሻܨ  (๏޴ฯଚܗ ) Νً͢͞ͱਫ਼ٌ໊ͣͪಕ఼
௞ሺͲߚ ൑ ݇ ൑ ͳ͵ሻ. ਦͲͺ 0 ͖Δ 13 ͳىफ़͠Ηͱ͏Ζ . ϔϫρέαʖχܧሺͳȀʹሻܧሺͳȀʹሻܧሺͳȀ͵ሻܨሺͳȀ

ʹሻܨሺͳȀʹሻܧሺͳȀ͵ሻ��ሺͲͳ ڄ Ͳͳ ڄ ͲͲͳ ڄ ͳͳ ڄ ͳͳ ڄ ͲͲͳሻ͹बغഔ෾ز͹ྡֆ஍ͺܽ ൌ ͶǤ͹͵ͷͺͶͶͶ͵ͷ . ఼ત͹
ࠪଈ͗྘Ү ଴ܸͳ͵Εӊଈ͗྘Ү ଵܸͳ͵Ζ . 

ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕͳ ಕ͹҈ఈ੓ٌغሺͳȀʹሻ͹बܨሺͳȀʹሻܨሺͳȀ͵ሻܧ ,
Νਦ਼ܐ 24 Ͷࣖͪ͢ . ͞ΗΔΓΕϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͗ν΢ϕ  

III ͹෾زΝࣖͤ͞ͳͳ , ϔϫρέαʖχܧሺͳȀ͵ሻܨሺͳȀʹሻܨሺͳȀʹሻ͹बٌغಕ͗ν΢ϕ  I ͹෾ز
Νࣖͤ͞ͳ֮͗೟Ͳ͘Ζ . 
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ਦ 24: (a) ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͹҈ఈ੓਼ܐ . (b) ϔϫρέαʖχ
਼ܐಕ͹҈ఈ੓ٌغሺͳȀʹሻ͹बܨሺͳȀʹሻܨሺͳȀ͵ሻܧ . 

ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͹ٌಕ఼ݖଵͶ͕͜Ζ݃-෯࣢  (ܶଷܵ௛ି) ͹ܑ͘
ଵሻΝ௒΄Ζݖሺߦ . ݃Վͺਦ 25 Ͷࣖͪ͢ . ਦ(a)Ͷ͕͏ͱܑ͘ͺਜ਼Ͳ͍Ζ . Ϗϧϟʖν͹ଁՅͶ
ͯΗͱܑ͘ͺଁՅ͢ , ਦ(b)Ͷ͕͏ͱܑ͘ߦሺݖଵሻ͗൅ͤࢆΖ . ͞͹য়͗ڱबغഔ෾ز͹ྡֆ஍
Ͳਫ਼ͣΖ . ਦ(c)͹Γ͑Ͷܑ͘ߦሺݖଵሻ͗ෝͶ͵ͮͪޛ , ਦ(d)Ͳࣖͪ͢Γ͑Ͷܑ͘ߦሺݖଵሻͺਜ਼ͳ͵
Ζ . ݃-෯࣢͹ܑ͘ͺ৷೘͢ͱͪ͘෈҈ఈଡ༹ର͹ܶȞ௨͹ܑ͘ͶશۛͤΖ . ν΢ϕ  III ͹෾ز
գఖ͹ݬҾͺܶȞ௨͹৷೘Ͳ͍Ζ . 

 

  

ਦ 25: ఼ݖଵͶ͕͜Ζ݃-෯࣢͹ܑ͘ . (a) ܽ ൌ ͶǤ͹ͷ. γχϩόʖχ෾ز  (ܽ௖ୱ௡ ൌ ͶǤ͹͵ͷͺ͵ͻͷͶ) ͹௜
ޛ . (b) ܽ ൌ ͶǤ͹ͺͶͺʹͳʹ͸. बغഔ෾ز͹ྡֆ஍ . (c) ܽ ൌ ͶǤͻ. (d) ܽ ൌ ͷǤʹ. 



 

t 32 t 

 

  

ਦ ଉوԿߺى :26 . ਦ͹࠹Ծ෨Ͷඵ͏ͪ൬ߺͺٌಕ఼ߙ௞ ሺͲ ൑ ݇ ൑ ͳ͵ሻ͹శ͓࣊Ͳ͍Ζ  

ϔϫρέαʖχܧሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻ͹बٌغಕ͗बغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕ͹α
ʖχΝ݀ఈ͢Γ͑ . ਦ 26(a)͹Γ͑Ͷ , ਜ਼وනݳͲͳͲͳͲͲͳΝ࿊କ͢ͱॽ͚ . ٌಕ఼ߙ଴ͺ྘Ү ଴ܸ

ͶҢಊͤΖ . ٌಕ఼ߙଽ΍ಋ༹͹ҢಊΝͤΖ . ਦ͹࠹Ծ෨Ͷඵ͏ͪ൬ߺͺٌಕ఼ߙ௞  ሺͲ ൑ ݇ ൑

ͳ͵ሻ͹శ͓࣊Ͳ͍Ζ . ୊ 0 ൬ͳ୊ 9 ൬͹ߺىΝ 1 ͶรͤߍΖͳ , ٌ໊ಕ͹αʖχ͗ಚΔΗΖ . 

͞ΗΝϔϫρέαʖχͲىफ़ͤΖͳ ሺͳȀ͵ሻܧሺͳȀʹሻܧሺͳȀʹሻܨ , ڄ ሺͳȀ͵ሻ͗ಚΔΗΖܧሺͳȀʹሻܨሺͳȀʹሻܧ . 

ൕಋबغ෾زͲਫ਼್ͣͪͯ͹ٌ໊ಕ͹ϔϫρέαʖχͺ ሺͳȀܨሺͳȀʹሻܧሺͳȀ͵ሻͳܧሺͳȀʹሻܧሺͳȀʹሻܨ ,

ʹሻܧሺͳȀ͵ሻͲ͍Ζ͞ͳ͗ࣙષͶ಍͖ΗΖ .  

Ͷ࣏ , ϔϫρέαʖχܧሺͳȀ͵ሻܨሺͳȀʹሻܨሺͳȀʹሻ͹बٌغಕ͗बغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪ
ಕ͹αʖχ͹݀ఈ͹࢕๏Ν , ਦ 26(b)Ͷࣖͪ͢ . ͞͹৖߻Ͷ΍ਜ਼وනݳͳͳͳͳͲͲͳΝ್ͯ࿊݃͢
ͪ Ͷ࣏ . , ఼್ߚ଴ͳߚଶ͗྘Ү ଴ܸͶҢಊͤΖ͞ͳ͖Δ , ͞ΗΔ͹ߺىΝ 0 ͶรͤߍΖ . ٌ໊ಕ͹
αʖχͺͲͳͲͳͲͲͳ ڄ ͳͳͳͳͲͲͳͳಚΔΗ , ͞Η͹ϔϫρέαʖχܧሺͳȀʹሻܧሺͳȀʹሻܧሺͳȀ͵ሻ ڄ ሺͳȀܨሺͳȀʹሻܨ

ʹሻܧሺͳȀ͵ሻ͗ಚΔΗΖ . ઴ൔͳޛൔͺγχϩόʖχ෾زͲਫ਼್ͣͪͯ͹฾਎͹ϔϫρέαʖχ
Ͳ͍Ζ .  

Ͷޛ࠹ , ൕಋबغ෾زͲਫ਼್ͣͪͯ͹ٌ໊ಕ͹ϔϫρέαʖχΝ΍ͳͶ , ͞ΗΔ͹ٌಕΝ
ฑ໚Ͳඵ͏ͪߺى  (ਦ 27). ٌಕ఼ݑො௞��ሺͲ ൑ ݇ ൑ ͸ሻ͗ϔϫρέαʖχܨሺͳȀʹሻܧሺͳȀʹሻܧሺͳȀ͵ሻ͹ٌ
ಕ఼Ͳ , ٌಕ఼ݒො௞��ሺͲ ൑ ݇ ൑ ͸ሻ͗ϔϫρέαʖχܧሺͳȀʹሻܨሺͳȀʹሻܧሺͳȀ͵ሻ͹ٌಕ఼Ͳ͍Ζ . 

 

ਦ ฑ໚Ͳ͹ٌಕߺى :27 . ٌಕ఼ݖƸ௞��ሺͲ ൑ ݇ ൑ ͸ሻ͗ൕಋबغ෾زΝً͢͞ͱਫ਼್ͣͪͯ͹ٌ໊
ಕ఼  .ො௞ݒො௞ͳݑ 



 

t 33 t 

 

3.3.2. ౛ ���ᅇ㌿ศᒱ࡛⏕ࡓࡌ࿘ᮇ㌶㐨  

್ͯ໪͹ྭͳ͢ͱ , ϔϫρέαʖχܧሺͳȀ͵ሻͲىफ़͠ΗΖबٌغಕ͗յ఺෾زΝً͢͞ͱਫ਼
ͣͪबٌغಕ͹बغഔ෾زΝ௒΄Ζ . ͞͹ঘઇͲͺϔϫρέ͹յ఺਼ͳȀ͵Ν঴͚ . ࣺ଀ܶଷΝ
ୱҒͳͪ͢बغ 3 ͹बٌغಕ͹ϔϫρέαʖχͺܨܵܧͳܧܦܧͲ͍Ζ . ਼஍ࢋܯΓΕ , յ఺෾ز
͗ਫ਼ͣͪ௜ޛͶ͕͏ͱϔϫρέαʖχܨܵܧ͹बٌغಕͺବԃܗͲ͍Ε , ϔϫρέαʖχܧܦܧ

͹बٌغಕͺγχϩܗͲ͍Ζ͞ͳ͗ಚΔΗͪ . ͞ΗΔ͹αʖχ͹۰د੓ͺدͲ͍Ζ . ͨ͹݃
Վ , ϔϫρέαʖχܨܵܧ͹बٌغಕͺν΢ϕ  I ͹बغഔ෾زΝً͢͞ , ϔϫρέαʖχܧܦܧ

͹बٌغಕͺν΢ϕ  III ͹बغഔ෾زΝًͤ͞͞ͳ͗Κ͖Ζ . ҐԾͲͺϔϫρέαʖχܧܦܧ

͹बٌغಕ͹෾زգఖΝ௒΄Ζ . 

฾ٌಕ͗ܧܦܧबغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕΝਦ 28 Ͷඵ͏ͪ . ਦ 28 Ͳͺ , ಝͶଲস
તܵ௛ି͹बวͶ͍Ζٌಕ఼͹ΊΝඵ͏ͪ . ٌಕ఼ݖଵͳݖ଻ͺ , ྘ҮܧͶ؜ΉΗΖ͹Ͳϔϫρέͺܧ

Ͳ͍Ζ . ϔϫρέ͹յ఺਼ͳȀ͵ͺ঴͏ͪ . ٌಕ఼ݖସͺ྘ҮܦͶ͍Ζ͹Ͳ , ϔϫρέαʖχ͗ܦ

Ͳ͍Ζ . ٌಕ఼ݖସ͹ٌಕ఼ΓΕ್ͯ͹ٌ໊ಕ఼ݑସͳݑଵଷ͗ਫ਼ͣΖ . ٌಕ఼ݑସͺଲসતܵ௛ି͹Ծ๏
ͶҢಊ͢྘ҮܵͶ೘Ζ . ٌಕ఼ݑଵଷͺଲসતܵ௛ି͹৏๏ͶҢಊ͢྘ҮܨͶ೘Ζ . ΍͢͞ΗΔ͗྘
ҮܦͶཻΉΖͳٌ໊ಕ͹ϔϫρέαʖχͺܧܦܧ ڄ ͳ͵Ζܧܦܧ . ͞Ηͺ฾ϔϫρέαʖχ͹܃Ε
ศ͢Ͳ͍Ζ͖Δ໅८Ͳ͍Ζ . Ґ৏ΓΕٌ໊ಕ͹ϔϫρέαʖχ͗݀ΉΖ . 

ܧܵܧ  ڄ  Ǥ (33)ܧܨܧ

 

ਦ 19(b)ͳਦ 26(a)ͳಋͣΓ͑Ͷ༽қͪ͢઴ൔ͹ߺىͳଲԢͤΖޛൔ͹ߺى͹ྈंͲ 0 ͳ 1

͹೘Η଺͓Νߨ͵͑͞ͳͲٌ໊ಕ͹αʖχ͗݀ΉΖ . ਦ 28(b)ΝݡͱΆ͢͏ ସݑࣞܐؖ . ൌ

ଵଷݑ ,ଵଶݑ݃ ൌ ସݖଷͳݑ݃ ൌ ଷ͗੔Εཱིͯݖ݃ . ٌಕ఼ݑଷ͖Δݑସ΃Ӏ͏ͪ໾һ͗ , ٌಕ఼ݑଵଶ͖Δݑଵଷ΃
Ӏ͏ͪ໾һͳިࠫͤΖ . Γͮͱ , ͞͹৖߻͹बغഔ෾ز΍๏޴ൕ఺ܗͲ͍Ζ . 

 



 

t 34 t 

 

ਦ 28: (a) ϔϫρέαʖχܧܦܧ͹ٌಕ఼ʁݖଵ ՜ ସݖ ՜ ଻ݖ ՜ ܧܵܧଵ. ϔϫρέαʖχݖ ڄ ͹ٌಕܧܨܧ
఼ʁ ଵݑ  ՜ ସݑ ՜ ଻ݑ ՜ ଵ଴ݑ ՜ ଵଷݑ ՜ ଵ଺ݑ ՜ Ͳ͍Ζܗൕ఺޴ͺ๏زഔ෾غଵ. (b) बݑ . ܽ ൌ ͶǤͳͷ.  

ྭ 1 ͳྭ 2 Ͷ͕͏ͱٌ໊ಕ͹ߺىԿ͗ҡ͵ͮͱ͏Ζ . ྭ 1 ͹৖߻ ஖͘ߺىಕ఼ٌંۛ࠹ ,
Ν೘Η଺͓ͪߺى๑Νཤ༽͢ͱ͓׷ . ྭ 2 Ͷͯ͏ͱ΍ಋ༹͹घॳΝཤ༽͢ͱΊΓ͑ . ྭ 2 Ͳ
ͺ ଻Ͳ͍Ζݖ଴ͳݖಕ఼ͺٌંۛ࠹ , . बغഔ෾͗ز๏޴ൕ఺ܗͳ͢ͱٌ໊ಕ͹αʖχΝ݀ΌΖ . 

઎ͥ฾ٌಕΝ್ͯ࿊݃͢ , ୊ 0 ൬໪ͳ୊ 16ሺൌ ͹ ൅ ͻሻ൬໪͹ 0 Ν 1 ͶรͤߍΖ .  

 ͲͲͳͳͳͳͲͲͳ ڄ ͲͲͳͳͳͳͲͲͳ ՜ ͳͲͳͳͳͳͲͲͳ ڄ ͲͲͳͳͳͳͲͳͳǤ (34) 

͞ΗΝϔϫρέαʖχͲىफ़ͤΖͳܵܧܦ ڄ ಚΔΗΖ͗ܨܦܧ . ͖͢͢ , ͞͹αʖχͺޢࢯے
΋؜Ν(ͳ઎ಆ͹ܵܨ຦ඎ͹)ܵܨ . ྭ 2 ͹৖߻ , ٌ໊ಕ͹αʖχΝ݀ΌΖͪΌͶٌંۛ࠹ಕ఼ى
͏͵͓࢘๑Ν͓׷஖͘ߺ .  

฾ϔϫρέαʖχΝܦܧሶ ͳॽ͚ܧ . ͪͫ͢ ሶͺͳͳሶܦ , ͳΝන͢ͱ͏Ζ फ़͠ΗΖٌಕ఼ىͳሶͲߺى .
ସ͗ଲসતܵ௛ି৏Ͷ͍Ζ͞ͳΝқັ͢ͱ͏Ζݖ . ٌಕ఼ݖସ͖Δ෾ٌ໊ͪ͢زಕ఼ͺଲসતܵ௛ିΓΕ
཯Η྘Үܵͳܨ΃ҢಊͤΖ . ͞ΗΓΕԾى͹Γ͑Ͷ஖͓͘׷Ν͑͞ߨͳͲٌ໊ಕ͹ϔϫρέα
ʖχ͗݀ΉΖ .  

ሶܦܧ  ܧ ڄ ሶܦܧ ܧ ՜ ܧܵܧ ڄ  Ǥ (35)ܧܨܧ

͞͹஖͓͘׷Νܦ ڄ ๑ͳ໌෉͜Ζ͓׷஖͘-ܨܵ .  

 ࡵ࡜ࡲ .3.3.3

฾ٌಕ͗ν΢ϕ  III ͹෾زգఖΝًͤ͞ড়݇Νড়݇ 3.8 ͳͤΖ Ͷν΢ϕޛ࠹ .  III ͹෾ز
գఖͲਫ਼ٌ໊ͣͪಕ͹ߺىԿوଉΝوଉ 3.9 ͳ͢ͱΉͳΌͱ͕͚ .   

 

ড়݇ 3.8. ฾बٌغಕ͗ਫ਼ͣͪ௜ޛͶ͕͏ͱγχϩܗͲ͖ͯدαʖχͲ͍Ζ͞ͳ .  

 

ଉو 3.9. ฾ٌಕ͹ϔϫρέαʖχ͗ , ϔϫρέܦሶ ሺ݌ȀݍሻΝ؜Ή͵͏৖߻ͺ  [I] Νཤ༽͢ , ϔ
ϫρέܦሶ ሺ݌ȀݍሻΝ؜΋৖߻ͺ  [II] Νཤ༽ͤΖ .  

[I] ٌંۛ࠹ಕ఼ߺى஖͓͘׷๑Νཤ༽͢ͱߺى͹೘Η଺͓Ν͑ߨ .  

[II] ܦ ڄ ͑ߨ๑Νཤ༽͢ͱϔϫρέαʖχ͹೘Η଺͓Ν͓׷஖͘-ܨܵ . 

3.4. ν΢ϕ� ,9�� ൕಋबغ෾͖زΔबغഔ෾زɼൕबغഔ෾زɼಋबغ෾ز΃ 

ν΢ϕ  IV ͹ྭͳ͢ͱγχϩόʖχ෾زͲਫ਼ͣͪबغ 14 ͹बٌغಕΝѽ͑ . ͨ͹ͪΌࣺ଀
ܶଵସ͹ଲ߻නݳΝ಍೘ͤΖ .  

 ܶଵସ ൌ ܶଵଷ݃ ל ݄ ؠ ො݃ ל ݄Ǥ (36) 

ଲ߻ ො݃Ͷؖ͢ͱ෈ร͵ॄ߻ͺܶ଻ܵ௛Ͳ͍Ζ . 

 ܶଵଷ݃ሺܶ଻ܵ௛ሻ ൌ ܶ଺݃ܵ௛ ൌ ܶ଺݄݃ܵ௛ ൌ ܶ଻ܵ௛Ǥ (37) 

ଲসતܵ௛ି, ଀ܶ଻ܵ௛ିͳܶނȞ௨͹Ғ஖ؖܐΝਦ 29 Ͷࣖͪ͢ . ਦ(a)ͺγχϩόʖχ෾ز઴͹ഓ஖
Ͳ͍Ζ . γχϩόʖχ෾ز͹ྡֆ஍Ͳ , ଀ܶ଻ܵ௛ି͗ଲসતܵ௛ିͳંͤΖ(ਦ(b)). γχϩόʖχ෾
ޛ͹ز , ٌಕ఼ݖସͳݓସ͗ਫ਼ͣΖ  (ਦ(c)). ଀ܶ଻ܵ௛ି͹઎ಆ෨෾ͺࠪͶ͗ۄΕ , ෈҈ఈଡ༹ର͹
Ȟ௨ͶԌͮͱ͹;ͱ͏͚ܶނ . ଀ܶ଻ܵ௛ି͹઎ಆ෨෾ͺ࠸;ଲসતܵ௛ିͶં͢ި఼ߙସͳߚସ͗ਫ਼ͣΖ  

(ਦ(d)).  



 

t 35 t 

 

ϔϫρέαʖχܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼Νਦ 30(a)Ͷࣖͪ͢ . ྘Ү ଴ܸͳ ଵܸ͹ڧֆ
Ͷۛ͏ٌಕ఼ݖଷͳݖସ͹ߺىͺ 1 Ͳ͍Ζ . Ήͪ, ٌಕ఼ݖ଴ͳݖ଻͹ߺىͺ 0 Ͳ͍Ζ͞ͳ͗Κ͖Ζ . 

͞ΗΔΓΕαʖχͲͲͳ ڄ ͳͳͳ ڄ ͲͲͳ ڄ ͲͲͲͲͳ ൌ ሺͳȀͷሻ֮͗೟Ͳ͘ΖܧሺͳȀ͵ሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧ . ϔϫρέ
αʖχܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ͵ሻ͹ٌಕ఼Νਦ 30(b)Ͷඵ͏ͪ . ٌಕ఼ݓଷͳݓସ͹ߺىͺ 1 Ͳ , 

ٌಕ఼ݓ଺ͳݓଵ͹ߺىͺ 0 Ͳ͍Ζ . Γͮͱαʖχ ͳͲͳ ڄ ͳͳͳ ڄ Ͳͳͳ ڄ ͲͲͲͲͳ ൌ ܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ

͵ሻܧሺͳȀͷሻ֮͗೟Ͳ͘Ζ . 

 

ਦ 29: ଲসતܵ௛ି, ଀ܶ଻ܵ௛ିͳ෈҈ఈଡ༹ରܶȞ௨͹ഓ஖ . (a) γχϩόʖχ෾ز͹઴ . ܽ ൌ ͵ǤͲʹ. (b) 

γχϩόʖχ෾ز͹ྡֆ஍ . ܽ ൌ ͵ǤͲ͵ͷͳͻ͸͵ͲͻͲ. (c) γχϩόʖχ෾ز͹ޛ . ܽ ൌ ͵ǤͲͷ. (d) ܽ ൌ

͵Ǥͳ͹. 

 

ਦ 30: ଀ܶ଻ܵ௛ି, ଀ܶି଻ܵ௛ିͳ෈҈ఈଡ༹ରܶȞ௨͹ഓ஖ . ܽ ൌ ͵Ǥʹ. (a) ٌಕ఼ݖ௞ሺͲ ൑ ݇ ൑ ͳ͵ሻͺϔϫ
ρέαʖχܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻܧሺͳȀͷሻ��ሺͲͲͳ ڄ ͳͳͳ ڄ ͲͲͳ ڄ ͲͲͲͲͳሻ͹ٌಕ఼ . (b) ٌಕ఼ݓ௞ሺͲ ൑ ݇ ൑

ͳ͵ሻͺϔϫρέαʖχܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ͵ሻܧሺͳȀͷሻ��ሺͳͲͳ ڄ ͳͳͳ ڄ Ͳͳͳ ڄ ͲͲͲͲͳሻ͹ٌಕ఼ . 



 

t 36 t 

 

 

ਦ 31: ϔϫρέαʖχܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹बٌغಕ͹҈ఈ੓਼ܐ . (a) સରਦ . (b) 

֨୉ਦ . 

ϔϫρέαʖχܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹बٌغಕ͹҈ఈ੓਼ܐΝਦ 31(a)Ͷࣖͪ͢ . ਦ
31(b)Ͷͺ , γχϩόʖχ෾͗زਫ਼ͣͪ௜ޛ͹҈ఈ੓਼ܐ͹Ϗϧϟʖνғଚ੓Νࣖͪ͢ . ͞
ΗΔ͹ਦΓΕ , ϔϫρέαʖχܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹बٌغಕ͗ν΢ϕ  IV ͹෾زգ
ఖΝًͤ͞͞ͳ֮͗೟Ͳ͘Ζ . 

ϔϫρέαʖχܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ͵ሻ͹बٌغಕ͹҈ఈ੓਼ܐΝਦ 32(a)Ͷࣖͪ͢ . ਦ
32(b)Ͷͺ , γχϩόʖχ෾͗زਫ਼ͣͪ௜ޛ͹҈ఈ੓਼ܐ͹৾Ζ෥͏Νࣖͪ͢ . ࠫܽ െ ܽ௖ୱ௡͗
ඉ৙Ͷঘ͠͏͹Ͳ , ਦ(b)͹ԥ࣢ͺ ���ଵ଴ሺܽ െ ܽ௖ୱ௡ሻͳͪ͢ . ਦ(a)ͳਦ(b)ΝݡΖͳ , ϔϫρέα
ʖχܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ͵ሻ͹बٌغಕͺν΢ϕ  II ͹෾زգఖΝًͤ͞͞ͳ͗Κ͖Ζ . 

 

ਦ 32: ϔϫρέαʖχܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ͵ሻܨሺͳȀ͵ሻ͹बٌغಕ͹҈ఈ੓਼ܐ . (a) સରਦ . (b) 

֨୉ਦ . 

ϔϫρέαʖχܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹बٌغಕ͹ٌಕ఼ ସͶ͕͜Ζ଀ܶ଻ܵ௛ି͹ܑ͘ݖ
ସሻΝ௒΄ͪ݃ՎΝਦݖሺߦ 33 Ͷࣖͪ͢ . γχϩόʖχ෾ز௜ޛ͹ܑ͘ͺਜ਼Ͳ͍Ζ . ͨ͹ޛ , ܑ͘
ͺ൅͢ࢆෝͶรΚΖ  (ਦ(a)). ࠸;൅͢ࢆਜ਼Ͷ͵Ζ  (ਦ(b)). ܑ͘ͺݰঙ͢ ሺ൅ʹሻͶ͵Ζͳൕ
बغഔ෾͗زਫ਼ͣΖ Ȟ௨͹ܑ͘ͶશۛͤΖܶނशదͶܑ͘ͺ෈҈ఈଡ༹ର͹࠹ . ସሻ͹ݖሺߦܑ͘ .
รԿΓΕ , ν΢ϕ  IV ͹෾زգఖ͹ݬҾͺ෈҈ఈଡ༹ର͹ܶނȞ௨͹৷೘Ͳ͍Ζ͞ͳ͗ཀྵմͲ



 

t 37 t 

 

͘ΖͲ͍Θ͑ . 

 

ਦ 33: ଀ܶ଻ܵ௛ି͹ٌಕ఼ݖସͶ͕͜Ζܑ͘ߦሺݖସሻ͹Ϗϧϟʖνғଚ੓ . 

฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͖Δਫ਼ٌ໊ͣͪಕ͹αʖχΝ݀ఈ͢Γ͑ ഔغॵ͹ब࠹ .
෾زͺൕಋबغ෾ز͹ޛͶਫ਼ͣΖ͹Ͳ , बغഔ෾زͺ๏޴ൕ఺ܗͲ͍Ζ . Ήͪൕबغഔ෾ز
͹ޛͶಋबغ෾͗زਫ਼ͣΖ͖Δ , ൕबغഔ෾ز΍๏޴ൕ఺ܗͲ͍Ζ .  

฾ٌಕ͹ϔϫρέαʖχͺܧሶ ሺͳȀͷሻܧሺͳȀ͵ሻܦሶ ሺͳȀ͵ሻܧሺͳȀ͵ሻ ൌ ͲͲሶ ͲͲͳ ڄ ͲͲͳ ڄ ͳሶ ͳͳ ڄ ͲͲͳͳॽ͜Ζ . ϔ
ϫρέܦሶ ሺͳȀ͵ሻΝ؜΋ͪΌ , ν΢ϕ III Ͳ಍೘ͪ͢وଉ 3.9[II]Ͷॊ͏ϔϫρέΝ೘Η଺͓Ζ . ਦ
34(a)Ͷ͕͏ͱ୊ 4 ൬໪ͳ୊ 17 ൬໪͗݃-ଲΝ͵ͤ . ͞ΗΔ͹ߺىΝ 1 ͖Δ 0 ΃รͤߍΖ . ร
͢ݳՎΝϔϫρέͲන݃ͪ͢ߍ ͶͤΖͳࣞݳঘ஍න࠹Ͷ࣏ , (38)͗ಚΔΗΖ . ͞͹නݳͲ  

೘Η଺͓ͪϔϫρέͶͺԾતΝӀ͏ͪ .  

ሺͳȀ͵ሻܧሺͳȀ͵ሻܵሺͳȀ͵ሻܧሺͳȀͷሻܧ  ڄ  ሺͳȀ͵ሻ (38)ܧሺͳȀ͵ሻܨሺͳȀ͵ሻܧሺͳȀͷሻܧ

 

ਦ 34: (a) ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͗बغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕ͹ߺىԿ . 

(b) ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͗ൕबغഔ෾زΝً͢͞ͱਫ਼ٌ໊ͣͪಕ͹ߺىԿ . 

Ͳਫ਼ٌ໊ͣͪಕ͹αʖχͺزഔ෾غͶൕब࣏ , ν΢ϕ  II Ͷ͕͜Ζൕबغഔ෾زͲਫ਼ͣͪ
ٌ໊ಕ͹αʖχ͹݀ఈͲ࢘༽ͪ͢๏๑  (ਦ 19(b)) Νཤ༽ͤΖ ͹೘Η଺͓घॳͺߺى . , ਦ
34(b)Ͷࣖͪ͢ . ਜ਼وනݳͲͲͳͳͳͳͲͲͳΝ್ͯ࿊݃͢ͱ Νͯͪ͜ߺॵ͖Δٌಕ͹൬࠹ , . ୊ 0 ൬
໪ͳ୊ 21 ൬໪͗݃-ଲΝ͵ͤ . ͞ΗΔ͹ߺىΝ 0 ͖Δ 1 ΃รͪ͢ߍනݳΝϔϫρέͲىफ़͢࠹



 

t 38 t 

 

ঘ஍නݳͶͤΖͳ , ൕबغഔ෾زͲਫ਼ٌ໊ͣͪಕ͹ϔϫρέαʖχ͗ಚΔΗΖ . ࣞ(39)Ͷ͕
͏ͱ೘Η଺͓ͪϔϫρέͶͺԾતΝӀ͏ͪ . 

ሺͳȀ͵ሻܧሺͳȀ͵ሻܦሺͳȀͷሻܵሺͳȀ͵ሻܧ  ڄ  ሺͳȀ͵ሻǤ (39)ܨሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀͷሻܧ

৏ىͲࣖͪࣞ͢(38)ͳࣞ(39)Ґ֐͹αʖχͲىफ़͠ΗΖٌ໊ಕ͗ଚ͢ࡑ͵͏͞ͳΝࣖͤ . 

͞͞Ͳ ܧܦܧሺͳȀͷሻܧ , ڄ Ν༽қͤΖܧܦܧሺͳȀͷሻܧ ܧ)  ൌ ሺͳȀ͵ሻǡܧ ܦ ൌ ͳܧܦΝܵܧܦܧሺͳȀ͵ሻ). ઴ൔ෨͹ܦ
ॽ͓͘׷Ζͳ , ઴ൔ෨͹ܧܦܧͺሺܵܧܦሻିଵ ൌ ͳ͵Ζܨܦܧ . ಚΔΗͪϔϫρέαʖχͺܧሺͳȀͷሻܵܧܦ ڄ

ͲܨܦܧሺͳȀͷሻܧ , ͞Ηͺࣞ(39)Ͳ͍Ζ . ઴ൔ෨͹ܧܦܧΝܨܦܧͳͤΖͳ Ͳ͍Ζܧܦൔͺܵޛ , . ͞Η
΍ࣞ(39)ͳಋͣͲ͍Ζ . ઴ൔ෨͹ܧܦܧΝܧܵܧͳॽ͓͘׷Ζͳ , ઴ൔ෨͹ܧܦܧͺሺܧܵܧሻିଵ ൌ ܧܨܧ

ͳ͵Ζ . ͞ΗΓΕಚΔΗΖϔϫρέαʖχͺࣞ(38)Ͳ͍Ζ . ઴ൔ෨͹ܧܦܧΝܧܨܧͳͤΖͳ ޛ ,
ൔͺܧܵܧͲ͍Ζ . ͞Η΍ࣞ(38)ͳಋͣͲ͍Ζ .  

઴ൔ෨͹ܧܦܧΝҐԾ͹Γ͑Ͷ஖͓͘׷Ζ͞ͳͺͲ͘͵͏ . 

ܧܦܧ  ՜ ǡܧܦܦ ǡܦܦܧ ǡܵܦܧ  Ǥ (40)ܧܦܨ

ཀྵ༟ͺ ǡܦܦޢࢯے , ǡܵܦ ΋͖ΔͲ͍Ζ؜Νܦܨ .  

बغഔ෾زͲͺ , ฾ٌಕ఼͖Δਫ਼ٌ໊ͣͪಕ఼͹݃-ଲΝ͵఼್ͤͫ͗͜྘Ү ଴ܸ��ሺ ଵܸሻ͖Δ྘
Ү ଵܸ��ሺ ଴ܸሻ΃ҢಊͤΖ . ͞Ηͺ , ઴ൔ෨͹ϔϫρέΝҲͯรͤߍΖͳؔ࣎ൕ఺ଲস੓ΓΕޛൔ
෨͹ϔϫρέ͗Ҳͯร͠ߍΗΖ͞ͳΝқັͤΖ . ͞͹ଲস੓Νຮٌ໊ͪͤಕ͹ϔϫρέαʖ
χͺࣞ(38)ͳࣞ(39)ͫ͜Ͳ͍Ζ͞ͳ͗ࣖ͠Ηͪ . 

 

ਦ 35: (a) ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼ . (b) ٌ໊ಕܧሺͳȀͷሻܧሺͳȀ͵ሻܵሺͳȀ͵ሻܧሺͳȀ͵ሻ ڄ

ሺͳȀ͵ሻ͹ٌಕ఼ܧሺͳȀ͵ሻܨሺͳȀ͵ሻܧሺͳȀͷሻܧ . ੖਼݇ͺٌಕ఼ ෝ߱௞ΝқັͤΖ . 

৏ىͲಚΔΗͪߺىԿ͗ਜ਼͢͏͞ͳΝ࣏Ͷ͖֮ΌΖ . ͨ͹ͪΌͶबغഔ෾زͲਫ਼ͣΖٌ໊
ಕ఼ͳൕबغഔ෾زͲਫ਼ͣΖٌ໊ಕ఼Ν௒΄Ζ . बغ 28 ͹ٌ໊ಕ఼Νߺىฑ໚Ͳඵ͏ͱ໊
ٌಕ఼͹੓࣯Νཀྵմ͢Γ͑ . ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼Νਦ 35(a)Ͷ, ٌ໊ಕ  

ሺͳȀ͵ሻܧሺͳȀ͵ሻܵሺͳȀ͵ሻܧሺͳȀͷሻܧ  ڄ   ሺͳȀ͵ሻܧሺͳȀ͵ሻܨሺͳȀ͵ሻܧሺͳȀͷሻܧ

͹ٌಕ఼Νਦ 35(b)Ͷඵ͏ͪ . ଲসત መܵ௛৏Ͷٌಕ఼ݖƸସͳݖƸଵଵ͍͗Ζ . ٌಕ఼ݖƸସ͖Δਫ਼ٌͣͪಕ఼
ෝ߱ସͳ ෝ߱ଵ଼͹ଲসત መܵ௛͖Δ͹֐Ηͺ໎ྐͲ͍Ζ . ͞ΗΔ͹ٌಕ఼ͺਦ(b)Ͳͺ 4 ͳ 18 ͳ͢ͱ͍
Ζ .  

Ͷ࣏ , ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼Νਦ 36(a)Ͷ , ٌ໊ಕ  

ሺͳȀ͵ሻܧሺͳȀ͵ሻܦሺͳȀͷሻܵሺͳȀ͵ሻܧ  ڄ   ሺͳȀ͵ሻܨሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀͷሻܧ

͹ٌಕ఼Νਦ 36(b)Ͷඵ͏ͪ . ଲসત መܵ௛৏Ͷٌಕ఼ݖƸସͳݖƸଵଵ͍͗Ζ . ٌಕ఼ݖƸସ͖Δਫ਼ٌͣͪಕ఼
ȳ෡ସͳȳ෡ଵ଼͹ଲসત መܵ௛͖Δ͹֐Ηͺඉ৙ͶΚ͖ͥͲ͍Ζ . ͞ΗΔ͹ٌಕ఼͹ഓ஖ΓΕ , बغഔ෾
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Ͳٌ໊ಕ఼ز ෝ߱ସͳ ෝ߱ଵ଼͗઎Ͷਫ਼ͣ , ൕबغഔ෾زͲٌ໊ಕ఼ȳ෡ସͳȳ෡ଵ଼͗ޛͲਫ਼ͣͪͳ൓இͲ͘
Ζ . ҲൢͶ , ઎Ͷਫ਼ٌͣͪಕ఼ͺ฾ٌಕ఼͖Δԗ͚Ͷ͍Ε Ͳਫ਼ٌͣͪಕ఼ͺ฾ٌಕ఼͹ޛ ,
͚ۛͶ͍Ζ͞ͳΝཤ༽ͪ͢ . ͞͹੓࣯ͺٌ໊ಕ͹αʖχΝ݀ఈͤΖͪΌͶཤ༽Ͳ͘Ζ . 

 

ਦ 36: (a) ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼ . (b) ٌ໊ಕܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ ڄ

ሺͳȀ͵ሻ͹ٌಕ఼ܨሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀͷሻܧ . ੖਼݇ͺٌಕ఼ȳ෡௞ΝқັͤΖ . 

૮ฑ໚Ͷ͕͜Ζ͞ΗΔ͹ٌಕ఼Νਦ 37 Ͷࣖͪ͢ . ઎Ͷਫ਼఼್ͣͪ߱ସͳ߱ଵ଼ͺ฾ٌಕ఼ݖସ͖
Δԗ͚΃Ңಊ͢ͱ͏Ζ͗ ସ͹͚ۛͶ͍ΖݖͲਫ਼఼್ͣͪȳସͳȳଵ଼ͺ฾ٌಕ఼ޛ , . Ґ৏Ͳٌ໊ಕ
͹ϔϫρέαʖχ͹֮೟Νश͓Ζ . 

 

ਦ 37: ఼ݖସͺ฾ٌಕܧሺͳȀͷሻܧሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀ͵ሻ͹ٌಕ఼ . ఼߱ସͳ఼߱ଵ଼ͺٌ໊ಕܧሺͳȀͷሻܧሺͳȀ

͵ሻܵሺͳȀ͵ሻܧሺͳȀ͵ሻ ڄ ሺͳȀ͵ሻ͹ٌಕ఼ܧሺͳȀ͵ሻܨሺͳȀ͵ሻܧሺͳȀͷሻܧ . ఼ȳସͳ఼ȳଵ଼ͺٌ໊ಕܧሺͳȀͷሻܵሺͳȀ͵ሻܦሺͳȀ

͵ሻܧሺͳȀ͵ሻ ڄ ሺͳȀ͵ሻ͹ٌಕ఼ܨሺͳȀ͵ሻܦሺͳȀ͵ሻܧሺͳȀͷሻܧ . (a) ܽ ൌ ͵ǤͲʹ . (b) ܽ ൌ ͵ǤͲ͵ͷͳͻ͸͵Ͳͻ . (c) ܽ ൌ

͵ǤͲͷ. (d) ܽ ൌ ͵Ǥͳ.  
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ਦ 38Ͷඵ͏ͪড়݇Νຮͪͤबٌغಕ఼ߚΝ΍ͯबٌغಕ͗ν΢ϕ  IV ͹෾زգఖΝًͤ͞
͞ͳ͗Κ͖ͮͱ͏Ζ . ͞͹बٌغಕ͹ϔϫρέαʖχͺචͥܦሶ ሺ݌Ȁݍሻ��ሺͲ ൏ ݍȀ݌ ൏ ͳȀʹሻΝ؜΋ . 

͞ΗΝ΍ͳͶ͢ͱν΢ϕ  IV ͹෾زգఖΝًͤ͞ড়݇ 3.10 ͗ಚΔΗΖ . 

 

ড়݇ 3.10. ฾बٌغಕ͗ਫ਼ͣͪ௜ޛͶ͕͏ͱγχϩܗͲ͍Ε , ϔϫρέαʖχ͗ϔϫρέ
ሶܦ ሺ݌Ȁݍሻ��ሺͲ ൏ ݍȀ݌ ൏ ͳȀʹሻΝ؜Ί͖ͯ۰αʖχͲ͍Ζ͞ͳ . 

 

 

ਦ 38: ଲসત͹଀͗ ਫ਼ͣΖ͗ߚͳߙॵͶଲসતܵ௛ିͳި఼͢࠹ , ਫ਼ͣΖ͗ߜͳߛͶި఼࣏ . . ި఼
ಕ఼ͳ͢ͱ΍ٌͯغΝबߚ  ଲসबٌغಕͺν΢ϕ  IV ͹෾زգఖΝࣖͤ .  

ਦ 38 Ͷࣖͪͯ࢝͢͹ި఼͹ઈ໎Ν͑ߨ . ଲসત͹଀͗ ॵͶଲসતܵ௛ିͳިࠫ͢࠹ , , ި఼ߙ

ͳ͗ߚਫ਼ͣΖ ޛȞ௨Νᷘյͪܶ͢ނͶଲসત͹଀ͺ෈҈ఈଡ༹ର͹࣏ . ଲসતܵ௛ିͳިౕࠫ͢࠸ ,
ި఼ߛͳ͗ߜਫ਼ͣΖ ΋͞ͳͶ஭қ͢Γ͑ࠒ͹ؔͶ೘ΕߛͳߚȞ௨͗ި఼ܶނ . . ި఼ߙΝबٌغಕ఼
ͳ͢ͱ΍ͯଲসबٌغಕͺν΢ϕ  II ͹෾زգఖΝࣖͤ . ި఼ߛΝबٌغಕ఼ͳ͢ͱ΍ͯଲ
সबٌغಕͺγχϩܗबٌغಕ఼Ͳ෾ݳزেΝً͞͠͵͏ . ި఼ߜΝबٌغಕ఼ͳ͢ͱ΍ͯ
ଲসबٌغಕͺν΢ϕ  I ͹෾زգఖΝࣖͤ . 

 ޢ݃ .4

Ҳغ࣎  (1970 ೧େޛൔ͖Δ 1980 ೧େ઴ൔ), ΩΨη΃ࢺΖϩʖφ͹Ҳͯͳ͢ͱबغഔ෾ز
ͺޭٯΝཌྷ;ͪ . ͖͢͢ , ΩΨη΃͹ؖৼ͗മΗΖͶͯΗͱबغഔ෾ز͹ڂݜ΍ͮݰͱ͢Ή
ͮͪ . ජंͺ , बغഔ෾͗زଠ͹ݳেͳཱི͢ݿͱ͏Ζ৖߻͹ν΢ϕ  I ͶؖͤΖڂݜͺ΍͑श
྅͢ͱ͏Ζͳ͓ߡͱ͏Ζ .  

ຌ࿨ชͲࣖͪ͢Γ͑Ͷबغഔ෾زΝพ͹؏఼͖ΔݡΖͳͤڂݜ΄͘՟ୌ͗ଡ͚͍Ζ . ಝͶ
ν΢ϕ  IV Ͷͯ͏ͱͺຌ࿨ช͗ॵΌ͹ๅࠄͲ͍Ζ . ν΢ϕ  II ͖Δ  IV Ͷͯ͏ͱͺͤڂݜ΄
͘໲ୌ͗ͮ࢔ͱ͏Ζͳ͓ߡͱ͏Ζ . बغഔ෾زͳಋबغ෾زΝؖ࿊෉͜ͱ٠࿨ͤΖ͞ͳͺ৿
͢͏๏޴੓Ͳ͍Ζ . ͞ΗΔ͹෾زգఖΝ٠࿨ͤΖͪΌͶͺ҈ఈଡ༹ରͳ෈҈ఈଡ༹ର͹৷೘
ΝໃͤࢻΖ͞ͳͺͲ͘͵͏ ͺޛࠕ . , ͞͹Γ͑͵͓ߡͶΓΖڂݜΝ๮Ίͪ͏ . 

ःࣛ 

ࠬಣंΓΕଡ͚͹αϟϱφΝࣂΕΉͪ͢ . ৼΓΕ״ः͏ͪ͢Ήͤ . 
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෉࿧ $� ಕΝඵ͚ϕϫٌغฑ໚Ͳबߺىฑ໚Ͷ͕͜Ζࣺ଀ͳߺى
ήϧϞ 

αʖχݏ͹۰د੓͗د͹৖߻ Ԣݏޢ , ൌ Ν༽қͤΖݏݏ . ۰͹৖߻ Ԣݏޢ , ൌ ͳͤΖݏ . ྭͳ͢ͱ , 

ݏ ൌ ͲͲͳ͹৖߻ͺݏԢ ൌ ͲͲͳͲͲͳͲ ݏ , ൌ Ͳͳͳ͹৖߻ͺݏԢ ൌ ͲͳͳͲ͍Ζ . ҐԾͲͺݏԢ ൌ ͲͲͳͲͲͳΝ΍ͳ
Ͷߺى྽ΝԾى͹Γ͑Ͷॽ͚ . ͞͞Ͳঘ਼఼Νഓ஖ͪ͢ . 

  ǤڮͲͲͳͲͲͳȈͲͲͳͲͲͳڮ 

ঘ਼఼ �ȈΓΕӊ๏޴Ͷಣ΋ . ͞ΗΝ ݔ ൌȈ ሺͲͲͳͲͲͳሻஶͳॽ͚ . ঘ਼఼ΓΕࠪ๏޴ͶಣΊ , 

ݕ ൌȈ ሺͳͲͲͳͲͲሻஶͳॽ͚ . ͞͞ͲݔͳݕͶͯ͏ͱ್਒๑΃รͤ׷Ζ  (αʖχ͹್਒๑΃͹ร׷घ
କ͘  A.1 ΝߡࢂͶͦΓ). รޛ׷͹නݳΝ࣏Ͷࣖͤ .  

 ܺ଴ ൌȈ ሺͲͲͳͳͳͲሻஶ ൌ ሺ͹Ȁ͵ʹሻȀሺͳ െ ͳȀ͸Ͷሻ ൌ ʹȀͻǡ  

 ଴ܻ ൌȈ ሺͳͳͳͲͲͲሻஶ ൌ ሺ͹ȀͺሻȀሺͳ െ ͳȀ͸Ͷሻ ൌ ͺȀͻǤ  

ॵغ఼ሺܺ଴ǡ ଴ܻሻͶԾى͹ࣺ଀ ෠ܶΝࡠ༽͢ͱ , ͨ͹ޛ͹ٌಕ఼Ν݀ఈͤΖ ฑ໚Ͳͺߺى . ඬ࠴ොݕ ,
͹৏ԾΝൕ఺͢ͱٌಕ఼Νඵ͚ . ͞ΗͶΓͮͱ૮ฑ໚͹ٌಕ఼ͳ͹ଲԢ͗෾͖ΕΏ͚ͤ͵
Ζ .  

ฑ໚ߺى  (Ͳ ൑ ොǡݔ ොݕ ൑ ͳ) Ͷ͕͜Ζࣺ଀ ෠ܶΝ়ղͤΖ .  

ො௡ାଵݔ  ൌ ො௡��ǡݔʹ ො௡ାଵݕ ൌ ො௡Ȁʹǡݕ ሺͲ ൑ ො௡ݔ ൑ ͳȀʹሻ (41) 

ො௡ାଵݔ  ൌ ʹ െ ො௡��ǡݔʹ ො௡ାଵݕ ൌ ͳ െ ʹො௡ȀʹǤ��ሺͳȀݕ ൏ ො௡ݔ ൑ ͳሻ (42) 

ࣺ଀ ෠ܶͺ, ଲ߻ ෠݄ͳ ො݃͹੷Ͳىफ़Ͳ͘Ζ .  

 ෠݄ሺݔොǡ ොሻݕ ൌ ሺݕොǡ  ොሻǡ (43)ݔ

 ො݃ሺݔොǡ ොሻݕ ൌ ൜ሺݕොȀʹǡʹݔොሻǡ ሺͲ ൑ ොݔ ൑ ͳȀʹሻ
ሺͳ െ ʹොȀʹǡݕ െ ොሻǤݔʹ ሺͳȀʹ ൏ ොݔ ൑ ͳሻ (44) 

Ͷ࣏ࣖͤฑ໚Ͳ͹ଲসતΝߺى .  

 መܵ௛ǣ ොݕ ൌ  ොǡ (45)ݔ

 መܵ௚ǣ ൜
ොݕ ൌ ොǡݔʹ ሺͲ ൑ ොݔ ൑ ͳȀʹሻ
ොݕ ൌ ʹ െ ොǤݔʹ ሺͳȀʹ ൏ ොݔ ൑ ͳሻ (46) 

͞ΗΔ͹ଲসતͺસͱ͹ߺىฑ໚͹ਦͲඵ͖Ηͱ͏Ζ . 

αʖχ͹್਒๑΃͹ร׷घକ͘  A.1.  

αʖχΝݏ଴ݏଵ ڮ ௤ିଵͳॽ͚ݏ . αʖχ͹۰د੓͗۰͵Δͻร׷઴͹αʖχΝ ଵݏ଴ݏ ڮ ௤ିଵͳ͢ݏ , 

รޛ׷ͺݐ଴ݐଵ ڮ ௤ିଵͳͤΖݐ ଵݏ଴ݏΔͻ͵د . ڮ ଵݏ଴ݏ௤ିଵݏ ڮ ௤ିଵΝ༽қ͢ݏ , శ͗࣊࿊କͤΖΓ͑Ͷॽ
͘௜͢ , ร׷઴͹αʖχΝݏ଴ݏଵ ڮ ଶ௤ିଵͳͤΖݏ . รޛ׷ͺݐ଴ݐଵ ڮ ଶ௤ିଵͳͤΖݐ . ร׷઴͹αʖχͶ
ଲ͢ͱҐԾ͹घॳΝࣰͤߨΖ .  

଴ݐ [1] ൌ   .଴ݏ

[2] ͳ ൑ ݇ ൑ ݍ െ ͳΉͪͺͳ ൑ ݇ ൑ ݍʹ െ ͳ͹৖߻ ଉͶॊͮͱ݀ΌΖو͹ى௞ΝԾݐ , .  

(a) ݏ଴͖Δݏ௞ିଵΉͲ͹ͳ͹਼د਼͗ݺ͹৖߻ ௞ݐ . ൌ ͳ െ   .௞ݏ

(b) ݏ଴͖Δݏ௞ିଵΉͲ͹ͳ͹۰਼਼͗ݺ͹৖߻ ௞ݐ . ൌ   .௞ݏ

[3]  

߻੓͗۰͹৖د۰ : ܺ ൌ ሺσ௤ିଵ
௞ୀ଴ ௞Ȁʹ௞ሻȀሺͳݐ െ ʹ௤ሻ.  

߻͹৖د੓͗د۰ : ܺ ൌ ሺσଶ௤ିଵ
௞ୀ଴ ௞Ȁʹ௞ሻȀሺͳݐ െ ʹଶ௤ሻ. 

 

Ͷޛ࠹ ಕΝඵٌ͚غฑ໚৏Ͳबߺى , Mathematica R̞͹ϕϫήϧϞΝͪͦࡎ . 
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Colaboratory Ͳܙ͹ՌָΝֺ͢΍͑ 
t ୊ 3 յ ϧϱξϞΤΧʖέʁؔҩͮͪ৚ๅͺ֨ͤࢆΖ t 

ฑీཾ߀ 
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(2021 ೧ 7 ݆ 2 ೖण෉ɾ2021 ೧ 7 ݆ 2 ೖणཀྵ) 

1. ͺͣΌͶ 

ࠖͮͪ͞ͳͶͪͮޣ৚ๅͺɼ༲ҝͶ֨ͤࢆΖɽӺබ͹Ϗϱυϝρέ͗൅ਫ਼ͪ͢ͳ͘Ͷ෉
਷͢ͱ͕͞Ζݧث͵͞ͳ͹Ҳͯ͗ɼh ͹αϫψՔͶ͕͏ͱࡑݳ৚ๅ͹ླྀාʱͲ͍Ζɽͪͮޣ
΍͞͹Γ͑͵ݳে͹൅ਫ਼͕͗ͮ͞ͱ͏Ζ͹Ͳͺ͵͏ͫΘ͖͑ɽྭ ͓ͻɼhαϫψΤΡϩηͺɼ
๯ࠅ͹ࢬࣆ܋અͲ֋൅͠Ηͪ΍͹Ͳ͍Ζ ɼɦh αϫψՔͺଚ͢ࡑ͵͏ ɼɦh αϫψϭέοϱͺ
ӆ๵Ͳ͍Ζ ɼɦh αϫψ״ઝ༩๹Ͷͺɼ͑͗͏༂΢λζϱ༙͗ްͲ͍Ζʱ౵ʓɼທڏͶ͏ͳ
Ή͗͵͏ɽҲ෨Ͷਇࣰͨ͑͵ͳ͞Θ͍͗Ζ͹͗ϝλͲɼਕʓ͗৶ͣͪ͏ͳ͓ࢧΖ͞ͳ͗؜
ΉΗͱ͏ΖΆ͑͗ɼླྀා͢Ώͤ͏ɽ  

͠ͱɼҋ͏࿫ୌ͗ଡ͏αϫψՔ͹ԾͲɼ໎Ζ͏࿫ୌͳ͢ͱखΕ৏͝ΔΗΖ͞ͳ͗ଡ͏͹
͗ɼ౽Ҭ૳ଢ̐ץ(̐̎̐̏೧݆̏̕ೖ఼࣎)͹׈༄Ͳ͍Ζɽᰞ૚ͳݳΗͪ੪೧͗࢞ػɼک
తΝ଩ͬෝ͖͢ɼى͏ݻ࿧Ν࣏ʓͳ଩ͬഃͮͱ͏༹͚ͺɼͬ࣍ـΝ໎Ζ͚͢ͱ͚ΗΖɽΉ
ͪҲ๏ಋ࣎Ͷɼϗτϧϱ͗࢞ػɼ౽Ҭ૳ଢΝ଩ͬෝ͖ͤͳɼ୉͚͘஭໪͠ΗɼϓΟϱ͖Δ
Ͳͺɼ਄Ӟۛ࠹৏͝ΔΗΖɽҲྭͳ͢ͱͬ࣍ 9 ஊ͗Ԩ࠴ક͹ຌકͲ౽Ҭ૳ଢ 2 ΝԾ͢ɼץ
ʰগػ੗ਕ͹৷ྲྀ͖ΔஏځΝगͮͪ ɼɦh ஏځେනͺ਄Ӟ 9 ஊʱͳϋρφ͹ωϣʖηͲखΕ
৏͝ΔΗͪɽ  

͞Ηͺɼ̡ ਕؔ཯ΗͤΖΆʹ͙ͤکΖ౽Ҭ૳ଢͺʰগػ੗ਕʱͲ͍Ζɽr ͳ͏͑઴఑͗ഐ
Ͷ͍Ζɽ৆͚͢ͺɼ30ܢ ೧Άʹ઴ͶɼӍਫ਼વ࣑ 9 ஊ͗ʰগػ੗ਕʱͳݶΚΗͪ͹͗࢟ΉΕ
Ͳ͍Ζɽ௙ࢃ໎͹h χϧβϱϚʖϩʱ͗ ϔʖϞ͵ͮͱ͕Εɼγ΢Ϣਕ͗ஏځͶ৷ྲྀͶ͘ͱɼ
कਕޮ͹ଛۯޝʤஏځүͬ͹γ΢Ϣਕʥͪͬ͗ஏځΝगΖͳ͏͑ఴ֋͹ͳ͘Ͳ͍ͮͪɽஏ
ک࠹Ͳ͍ͮͱɼਕؔͳ͢ͱͺۯޝ͹າཔΝ୙ͪ͢͹ͺɼγ΢Ϣਕ͹ଛځେනͳ͢ͱɼஏځ
͹έϨϨϱͲͺ͵͖ͮͪɽ౲࣎ɼӍਫ਼ 9 ஊ͍͗ΉΕͶ΍͙ͤکΖ͹Ͳɼࣰͺۯޝ͹Γ͑Ͷ
গػ੗͖ΔૻΕࠒΉΗͪʰগػ੗ਕʱͲ͍Ζͳ͏͑ɼϓΟϱ͹ໟ૟Ͳ͍Ζɽͨ͞Ͳͺɼh ΍
͢ɼগػ੗ਕ͗ஏځΝ৷ྲྀͶ͘ͱɼஏځେනͳકͮͱɼஏځଈ͗ෝͪ͜Δɼ৷ྲྀ͠ΗΖɽ
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ͨ͹ͳ͘͹ஏځଈ͹େනͳ͢ͱӣໍΝ୙ͤ͹ͺɼh গػ੗ਕʱ͹Ӎਫ਼ͫΘ͑ɽ਄Ӟͺஏځਕ
େනͺ਄ӞͲͺ͵͏ͫΘ͑ɽɦځͲ͍Ζ͗ɼஏک࠹ ͳ͏͑ɼ࿫Ͳ͍ͮͪɽ΍͢গػ੗ਕ͗৷
ྲྀ͢ͱͪ͘Δɼh ஏځେනͺɼগػ੗ਕͲ͍ΖɼգڊͺӍਫ਼ 9 ஊͲ͍Εɼࠕͺ౽Ҭ૳ଢ 2

Ͳ͍Εɼ਄Ӟץ 9 ஊͲͺ͵͏ͺͥͲ͍Ζ ɽɦ͖͢͢ɼ৚ๅ͗ఽΚͮͱ͏͚͑ͬͶɼร༲͢
ͱ͢Ή͏ɼஏځେන ਄Ӟ 9 ஊͳ৯ࢶͶॽ͏ͱ͚ΗͳབΉΗΖΓ͑Ͷ͵ͮͱ͢Ήͮͪɽ਄
ӞʻέϨϨϱ͹ཱིͬҒ஖ͺɼਕؔେනͲ͍Ζ͗ɼஏځେනͲͺ͵͏ɽ೨͹ҟɼh ஏځ͹ଚ๤
ͺɼέϨϨϱͲͺ͵͚ɼۯޝͶ୙ͪ͢͏ͫΘ͑ɽɦ ͳ͏͑ϋρφ৏͹ϋν࿫Ͳ͍ͮͪɽ  

ͪࣇ఼͖ΔΊͪϠυϩͳ͢ͱ͹ϔϧΤϱӣಊ[1]Ͷؖ͢ͱ΍ɼΓ͚ࢻ͵েΝϝέϫݳࢆ֨
ҵ࿫͗ଚͤࡑΖ[2]ɽϔϧΤϱӣಊ΍ɼϔϧΤϱ͗ݨඏںͲɼ՘ฆΝ؏͢ࡱͱ͏ͱ՘ฆ͹ಊ
͖͘Δ൅ͪ͢ݡͳఽ͓ΔΗͱͪ͘ɽ͖͢͢ਜ਼֮Ͷͺɼ՘ฆͲͺ͵͚՘ฆ͖Δ๎ड़͠Ηཽͪ
Ͳ՘ฆ͹ಊ͘Ν؏଎ͤΖͳɼϔϧΤϱںඏݨ͹Ͳ͍ΖɽೖຌͲ΍ɼͪ͢ݡ͹ಊ͖͘Δ൅ࢢ
ӣಊΝ؏଎Ͳ͘Ζͳ়ղ͠Ηͱͪ͘ɽਫ਼෼༟པ͹՘ฆ͗೦ΑΔ͙ͳ͢ͱɼ͍͖ͪ΍ਫ਼෼͹
Γ͑Ͷಊ͚ͳ͏͑͹͗ϛ΢ϱφͲɼοϥʖέ͹ฆ͵ʹͲͺ໚പ͚͵͏ɽͨΗΑ͓ɼh ՘ฆ͗
ϔϧΤϱӣಊͤΖ͹ͺɼ՘ฆ͗ਫ਼෼Ͳ͍Ζ͖ΔͲͺ͵͚ɼ೦༵Δ͙ͶΓΖ΍͹Ͳ͍Ζɽɦ ͳ
͏͑͹Νک௒ͪ͢͏͗ͪΌɼ෼ཀྵָंͺʰϔϧΤϱӣಊ͹ཽࢢ͹ྭͳ͢ͱɼ՘ฆΝ༽͏ͪ
͗Ζʱ͹Ͳͺ͵͏ͫΘ͖͑ʃͳ͏͑͹͗ɼஸं͹ਬ଎Ͳ͍Ζɽ  

ࢾΝݩ͹εϝϣϪʖεϥϱࣰࢢΖཽͤࢆͲͺɼϔϧΤϱӣಊΝखΕ৏͝ɼ֨࠴ߪյ͹ࠕ
ΊΖɽ͞͞ͲͺɼColaboratory Ͳ Python Ν͏࢘ϧϱξϞΤΧʖέʤ਴ิʥ͹εϝϣϪʖ
εϥϱΝࢾΊΖɽ  

2. 3\WKRQ ͲϧϱξϞΤΧʖέ 

 ๏ఖࣞͳϧϱξϞΤΧʖέࢆ֨ .2.1

ϧϱξϞΤΧʖέ͹εϝϣϪʖεϥϱΝ͕͞͵͑઴Ͷɼ֨ࢆ๏ఖࣞΝΊͱ͕͑͞ɽୱ९
ԿͤΖͪΌɼ਼֨ܐࢆͺɼؔۯΏؔ࣎ͶΓΔͥҲఈͲ͍ΖͳͤΖɽ֨ࢆ๏ఖࣞͺɼ  

 
߲߶
ݐ߲

ൌ   ߶ଶ׏ܦ

ͳ͏͑તܙ͹ยඏ෾๏ఖࣞͶ͵Ζɽ͞͞ͲɼСͺ֨ࢆ෼࣯͹ືౕɼt ͺؔ࣎ɼ˺(ψϔϧ)

ͺؔۯඏ෾ࡠ༽ોɼD ͺ਼֨ܐࢆͲ͍Ζɽ͵͕ɼ֨ࢆ๏ఖࣞΝඏࢻదͶཽࢢ͹ࢻ఼͖ΔΊ
ΖͳɼϧϱξϞΤΧʖέͶଲԢͤΖɽ  

2.2.  ਜ਼وཛྷ਼ 

෰सͳϧϱξϞΤΧʖέ͹६ඍͳ͢ͱɼ୊ 1 յ[3]࠴ߪͲ΍়ղͪ͢ Colaboratory ΃Γ
͑ͨ͞[4]Ͳࣖ͠Ηͱ͏Ζγϱϕϩʰυʖνγ΢Φϱηʱ͹ཛྷ਼Νݡͱ͏͑͞ɽ  

2.2.1. ஘ᩘࢆ‽ഛࡿࡍ  

ϔϧΤδΝͮ࢘ͱɼColaboratory ͹ HP ͶΠέιη͢ͱɼυʖνγ΢Φϱη͹ͳ͞ΘͶ
ͶͤΖɽγϱϕϩϕϫߡࢂͶɼmatplotlib[5]͹γϱϕϩϕϫήϧϞΝ࣎ͱΊΓ͑ɽಋͮߨ
ήϧϞΝঙ͢ร͓ͱɼཛྷ਼͹੓࣯ΝΊͱ͏͑͞ɽΉͥɼਜ਼و෾ාʤฑ̎ۋɾ෾ࢆʤඬ६ย
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ࠫʥ̏ʥͶॊ͑ਜ਼وཛྷ਼Ν 200 ਫ਼੔͢ͱΊΓ͑ɽݺ  

 

ϕϫήϧϞϨηφ̏  

import numpy as np 

from matplotlib import pyplot as plt 

 

np.random.seed(19680801)  

number_of_data = 200 

data = np.random.randn(1,number_of_data) 

x = [x for x in range(number_of_data)] 

 

fig, axs = plt.subplots(1, 2, figsize=(11, 5)) 

axs[0].plot(x, data[0]) 

axs[1].hist(data[0]) 

 

plt.show() 

 

 

ਦ̏: ཛྷ਼͹ܧ࣎྽ͳළౕ෾ාɽ  

ਦ 1 ͹ළౕ෾ාΝݡΖͳɼਜ਼و෾ාͶ͓ݡ͵͏͖΍͢Η͵͏ɽ൅ਫ਼ͦ͠Ζཛྷ਼͹਼ݺ
number_of_data = 200 Νร͓ͱɼnumber_of_data = 20000 ͳ͢ͱɼཛྷ਼͗ਜ਼و෾ාͶ
ॊͮͱ͏Ζ͖͖֮ΌͱΊΓ͑ɽ൅ਫ਼ͤΖ਼ݺΝଁΏͤͳɼਜ਼و෾ාͶͪ͗͑͢ཛྷ਼Ͷ͵ͮ
ͱ͏Ζ͹͗໎֮Ͷ͵Ζɽbin ͹਼ݺΝଁΏͤͳɼΓΕ໎֮Ͷਜ਼و෾ාͶ͵ͮͱ͏Ζ͹͗෾
͖Ζɽ  

 

ϕϫήϧϞϨηφ̐  

import numpy as np 

from matplotlib import pyplot as plt  
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np.random.seed(19680801)  

number_of_data = 1000000 

number_of_bins = 100 

data = np.random.randn(1,number_of_data) 

x = [x for x in range(number_of_data)] 

 

fig, axs = plt.subplots() 

axs.hist(data[0],number_of_bins) 

 

plt.show() 

 

 

ਦ̐: ཛྷ਼Ν 1000000 Γ͑ɽbinݡ෾ාͶ͵Ζ͹Νو൅ਫ਼ͦ͠ͱਜ਼ݺ ͹਼ݺͺ 100 Ͳ͍Ζɽ  

ͱɼϧϱξϞΤΧʖέΝ͕͞͵͑ɽͮ࢘ཛྷ਼྽ΝوͶɼਫ਼੔ͪ͢ਜ਼࣏  

2.3. ϧϱξϞΤΧʖέ 

2.3.1. � ḟඖࢡ࣮࢛࣒࢘ࢲࣥࣛࡢ  

ΖͪΌɼ͓ߡԿ͢ͱྲྀ؈ͱ͏͑͞ɽϠυϩΝݡ͹ϧϱξϞΤΧʖέʤ਴ิʥ͖Δݫ࣏̏
஍᷐tࢆητρϕΝ཯ؔ࣎ ͳͤΖɽ͵͕ɼҢಊړ཯ͺ࿊କ஍᷐x ͳ͢ͱɼؔ࣎ητρϕ᷐t

ຘͶɼ᷐x ͫࠪ͜ӊͶҢಊͤΖͳͤΖɽ͞͞Ͳɼ᷐x ͺɼ઴হͲࣖͪ͢ਜ਼وཛྷ਼Ν༽͏Ζɽ
1 ͵͹ϧϱξϞΤΧʖέ͹εϝϣϪʖεϥϱʤϕϫήϧϞϨηφ̑ʥΝਦ̒Ͷࣖͤɽݫ࣏
͕ɼήϧϓ͵ʹ͹ඵժͶͺɼmatplotlib Ν࢘༽ͤΖ[5]ɽ  
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ਦ 3: 1 ͹ϧϱξϞΤΧʖέɽݫ࣏  

ϕϫήϧϞϨηφ̑  

import numpy as np 

from matplotlib import pyplot as plt 

 

np.random.seed(20210601)  # ஘ᩘࢆ✀ࡢタᐃ  

number_of_data = 100000 

number_of_bins = 50 

noise = np.random.randn(1,number_of_data) 

x = [x for x in range(number_of_data)] 

 

position = noise.tolist() # numpy 㓄ิࢆ Python ኚ᥮࡟㓄ิࡢ  

position[0][0] = 0     # ึᮇ఩⨨ࢆ㸮ࡿࡍ࡟  

 

def randomwalk(): 

    for i in range(number_of_data - 1): 

        position[0][i + 1] = position[0][i] + noise[0][i]  

    return 

 

randomwalk() 

 

fig, ax = plt.subplots() 

ax.plot(x, position[0]) 

ax.grid() 

ax.set_xlabel('Steps') 

ax.set_ylabel('Position') 

ax.set_title('1D Random Walk') 

 

plt.show() 
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ਦ̒: 1 ητρϕͶଲ͢ͱؔ࣎͹ϧϱξϞΤΧʖέɽݫ࣏ x ࣢৏͹Ғ஖Νϕϫρφɽ  

2.3.2. � ḟඖࢡ࣮࢛࣒࢘ࢲࣥࣛࡢ  

Ͷɼ2࣏ ͱΊΓ͑ɽεϝϣϪʖεݡ͹ϧϱξϞΤΧʖέʤϕϫήϧϞϨηφ̒ʥΝݫ࣏
ϥϱ݃ՎΝਦ̓Ͷࣖͤɽ  

 

ϕϫήϧϞϨηφ̒  

import numpy as np 

from matplotlib import pyplot as plt  

 

np.random.seed(20210601)  

number_of_data = 1000 

number_of_bins = 30 

noise = np.random.randn(2,number_of_data)   # 2 ͯ͹ਜ਼وཛྷ਼  

 

t = [t for t in range(number_of_data)]  # t ͺؔ࣎͹ร਼  

 

position = noise.tolist() # numpy ഓ྽Ν Python ͹ഓ྽Ͷร׷  

position[0][0] = 0     # ॵغҒ஖ x Ν̎ͶͤΖ 

position[1][0] = 0     # ॵغҒ஖ y Ν̎ͶͤΖ 

 

def randomwalk(): 

    for i in range(number_of_data - 1): 
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        position[0][i + 1] = position[0][i] + noise[0][i]  

        position[1][i + 1] = position[1][i] + noise[1][i]  

    return 

 

randomwalk() 

 

fig, ax = plt.subplots(1,3,figsize=(16,5)) 

ax[0].plot(t, position[0]) 

ax[0].grid() 

ax[1].plot(t, position[1]) 

ax[1].grid() 

ax[2].plot(position[0], position[1]) 

ax[2].grid() 

 

ax[0].set_xlabel('Steps') 

ax[1].set_xlabel('Steps') 

ax[0].set_title('x Position') 

ax[1].set_title('y Position') 

ax[2].set_title('Trajectory of the Random Walker in 2-D') 

 

plt.show() 

 

 

ਦ 5: 2 ͹ϧϱξϞΤΧʖέɽࠪͺݫ࣏ x vs. time ϕϫρφɼ஦ԟͺ y vs. time ϕϫρφɼӊͺ
ϧϱξϞΤΧʖΩʖ͹ 2 ฑ໚৏͹ٌ੽ɽݫ࣏  

 ཯ړୣ౺ͳϧϱξϞΤΧʖΩʖ͹ؔ࣎գܨ .2.4

2.4.1. � ḟඖᖹ㠃࡛ࣥࣙࢩ࣮࣑ࣞࣗࢩࡢ  

ϧϱξϞΤΧʖέ͹ܨգؔ࣎ͳ౺ୣړ཯Ν௒΄Ζɽ̎ࠃ࣎Ͳɼ࠴ඬ͹ݬ఼͖Δड़൅ͦ͠
ͱɼܨؔ࣎գͶଲ͢ͱɼݬ఼͖Δ͹ړ཯Ν௒΄ͪɽ2 ඬͲ͹εϝϣϪʖεϥϱ݃Վ࠴ݫ࣏
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Νਦ̔Ͷࣖͤɽਦ͹ࠪ͗ϧϱξϞΤΧʖΩʖ͹ٌ੽ɼ஦ԟͶݬ఼͖Δ͹ړ཯ɼӊͶݬ఼͖
Δ͹࠹ԗ౺ୣړ཯Νϕϫρφͪ͢΍͹Νࣖͤɽ  

 

ϕϫήϧϞϨηφ̓  

import numpy as np 

from matplotlib import pyplot as plt  

 

np.random.seed(20210601)  

number_of_steps = 10000 

reachdistance = 0   # ړୣ౺߶࠹཯  

 

noise = np.random.randn(2,number_of_steps)   # 2 ͯ͹ਜ਼وཛྷ਼  

t = [t for t in range(number_of_steps)]  # t ͺؔ࣎͹ร਼  

 

position = noise.tolist() # Walker ͹Ғ஖Ν Numpy ഓ྽͖Δ Pyhon ͹ഓ྽Ͷร׷  

position[0][0] = 0     # ॵغҒ஖ x Ν̎ͶͤΖ 

position[1][0] = 0     # ॵغҒ஖ y Ν̎ͶͤΖ 

distance = [0]      # ݬ఼͖Δ͹ړ཯ܧ࣎྽͹ഓ྽  

maxreach = [0]      # ࠹ԗ౺ୣړ཯͹ܧ࣎྽͹ഓ྽  

 

def randomwalk(): 

    reach = 0 

    for i in range(number_of_steps - 1): 

        position[0][i + 1] = position[0][i] + noise[0][i]  

        position[1][i + 1] = position[1][i] + noise[1][i]  

 

        rr = reachd(position[0][i+1], position[1][i+1]) 

        if rr >= reach : 

            reach = rr 

 

        distance.append(rr) 

        maxreach.append(reach) 

    return 

 

def reachd(xp, yp): 

    r = np.sqrt(xp*xp + yp*yp) 

    return(r) 

 

randomwalk() 

 

fig, ax = plt.subplots(1,3,figsize=(16,5)) 
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ax[0].plot(position[0], position[1]) 

ax[0].grid() 

ax[1].plot(t,distance) 

ax[2].plot(t,maxreach) 

ax[0].set_xlabel('x position') 

ax[0].set_ylabel('y position') 

ax[1].set_xlabel('Steps') 

ax[2].set_xlabel('Steps') 

ax[0].set_title('Trajectory of the Random Walker in 2-D') 

ax[1].set_title('Timeseries of Distance of Walker')  

ax[2].set_title('Timeseries of Max Reach Distance')  

 

plt.show() 

 

 

ਦ̔: 2 ͹ϧϱξϞΤΧʖέ͹εϝϣϪʖεϥϱɽࠪͺݫ࣏ 2 ఼͖Δ଎ͮݬಕɼ஦ԟͺٌݫ࣏
྽ɽܧ࣎཯͹ړୣ౺ԗ࠹྽ɼӊͺܧ࣎཯͹ړͪ  

ਦ͖̔Δɼ֨ࢆ๏ఖࣞͳϧϱξϞΤΧʖέ͹ؖܐɼϧϱξϞΤΧʖΩʖ͹࠹ԗ౺ୣړ཯
̓ͺɼؔ࣎ t Ͷଲ͢ͱ ŕt0.5Ͳ͍Ζ͞ͳΝɼεϝϣϪʖεϥϱͲࣰ״Ͳ͘ΖͲͺ͵͏ͫΘ
͖͑ɽ෵਼ݺ͹ϧϱξϞΤΧʖΩʖΝͪͮ࢘εϝϣϪʖεϥϱΝ͕͞͵͑ͳɼҲ૜໎֮Ͷ
͖֮ΌΖ͞ͳ͗Ͳ͘Ζ͹Ͳேક͢ͱΊͱΆ͢͏ɽ  

᫬㛫ኚ໬ࡢ఩⨨ศᕸࡢ࣮࣮࢛࣒࢝࢘ࢲࣥࣛ .2.4.2  

෵਼ݺ͹ϧϱξϞΤΧʖΩʖΝݬ఼͖Δड़൅ͦ͠ɼܨؔ࣎գͳͳ΍ͶɼϧϱξϞΤΧʖ
Ωʖ͹ݬ఼͖Δ͹ړ཯෾ාΝ௒΄ͪɽ͞͞Ͳͺɼ1 ͹ϧϱξϞΤΧʖέ͹εϝϣϪʖݫ࣏
εϥϱ݃ՎΝࣖͤɽ  

 

ϕϫήϧϞϨηφ̔  

import numpy as np 

from matplotlib import pyplot as plt  

 

np.random.seed(20210601)  
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number_of_steps = 8000  # ࠹ௗ͹ؔ࣎ητρϕ 

nwalker = 1000          # ϧϱξϞΤΧʖΩʖ͹਼ݺ  

 

# ਜ਼وཛྷ਼͹਼ݺʻؔ࣎ητρϕʹQZDONHU ͹਼ݺ  

noise = np.random.randn(number_of_steps, nwalker)    

position = noise.tolist() # Walker ͹Ғ஖Ν Numpy ഓ྽͖Δ Pyhon ͹ഓ྽Ͷร׷  

 

def randomwalk(): 

    for i in range(number_of_steps - 1): 

        for j in range(nwalker): 

            position[i + 1][j] = position[i][j] + noise[i][j]  

    return 

 

for i in range(nwalker): 

    position[0][i] = 0  # ॵغ஍Ν̎ͶͤΖ  

     

randomwalk() 

 

range1 =(-100,100) 

number_of_bins = 30 

 

fig, ax = plt.subplots(1,5,figsize=(16,5)) 

ax[2].set_title('Histograms of the Position of Walker in 1-D') 

for i in range(5): 

    ax[i].set_ylim([-1,1100]) 

 

for i in range(4): 

    ax[i].hist(position[20**i -1],bins=number_of_bins,range=range1) 

    ax[4].hist(position[20**i -1], 

bins=number_of_bins,histtype='step',stacked=True,fill=False,range=range1)  

 

plt.show() 
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ਦ̕: ළౕ෾ා͹รયɽ  

ϧϱξϞΤΧʖΩʖ͹Ғ஖͹෾ාͺɼਜ਼و෾ාʤN(И, О2)ʥͶॊ͑ɽܨؔ࣎գͳͳ΍
Ͷɼਜ਼و෾ා͹ฑۋИʻ0 ͺ͖ΚΔͥɼ෾ࢆО2͗୉͚͘͵ͮͱ͏͚ɽͨ͹݃Վɼै෾Ͷ࣎
Ͳ͘ΖΓ͑ࣇͶҲ༹Ͷ෾ා͢ɼҲ༹෾ාͶۛؔۯգͤΖͳɼϧϱξϞΤΧʖΩʖ͗ܨ͗ؔ
Ͷ͵Ζɽ  

Colaboratory Ͳ Python ͳϧ΢ϔϧϨ matplotlib Ν͑࢘ͳɼϔϧΤϱӣಊͳ֨ࢆ๏ఖࣞ
͹ຌͶ࢘༽Ͳ͘Ζਦʤྭ͓ͻɼธୖ෍ඔࢢ͹ຌ͹නࢶʥ͗؈ୱ͵ϕϫήϧϞͲࡠΗΖɽ
matplotlib.org ͹ Gallery Ͷͺɼ໚പ͏γϱϕϩϕϫήϧϞ͗ଡ͚͍Ζ[5]ɽʤAnimation ͹
ΩτβϨʖͶɼ2 ॑৾Εࢢ͵ʹ͹ಊժ΍͍ΖɽʥGallery ͹ URL ΝҐԾͶ͢ىͱ͕͚ɽ  

https://matplotlib.org/stable/gallery/index.html  

ϕϫήϧϞ͹ॽ͓͘׷ͶேકͤΖ͞ͳΝ௪͢ͱɼPython ͹ϕϫήϧϝϱήͶ΍׵ΗΖͫ
Θ͑͞ͳ͗غଶ͠ΗΖɽ঱ΔͥͶɼ͏Θ͏Θͳ͢ࢾͱֺ͢ΞͲΆ͢͏ɽ  

͠ͱɼPython ͹ϧ΢ϔϧϨ matplotlib Ν͑࢘͞ͳͶΓΕɼ؈ୱͶήϧϓΝࡠΗΖ͹ΝΊ
ͱͪ͘ɽ͞͹Γ͑͵ϧ΢ϔϧϨ͗ैࣰ͢ͱ͏Ζ͹΍ Python ͹ಝ௅͹ͽͳͯͲ͍Εɼสཤ
͵ϧ΢ϔϧϨΝͯ͜ݡΖ͹΍ Python ϕϫήϧϝϱή͹ֺ͢ΊͲ͍ΖɽPython ͺɼָ;Ώ
ͤ͏ϕϫήϧϝϱήޢݶͲ͍Εʤྭ͓ͻɼߡࢂॽ[6]Νࢂলʥɼ͠ΔͶ Colaboratory Ν͑࢘
͞ͳͶΓΕɼͤ͛ͶϕϫήϧϝϱήΝ࢟ΌΔΗΖɽͧͽɼηϜʖφϓΧϱ͵ʹΝ͏࢘घܲ
ͶϕϫήϧϝϱήΝֺ͢ΞͲ௘ͪ͜Δ͑ࢧɽΉͪɼϕϫήϧϞͺܙ͹Ռָճ͹ HP ͖Δ
download Ͳ͘ΖΓ͑ͶͤΖ༩ఈͲ͍Ζɽ   

ʤɹ஭ʥࡠ੔ͪ͢ਦͺຌཔΩϧʖͲ͍ΕɼപࠉͲһͤࡰΖͳݡͶ͚͏৖͍͗߻ΕΉͤɽɻ  

ःࣛ 

दΝͺͣΌͳͤΖෳҬ୉ָگΝಣΞͲ༙ӻ͵αϟϱφΝ͢ͱ͚ͫͮͪ͠∃ీभधߚݬ
୉ָӅڂݜָ޽Ռஎ೵εητϞָ޽઒ߊඉતܙՌָ࣪ڂݜ͹ϟϱώʖͶ״ः͏ͪ͢Ήͤɽ  

 ݛชߡࢂ
[1] ธୖ෍ඔࢢʁϔϧΤϱӣಊ  ෼ཀྵָ One Point 27 ड़൝ɼpp. 160(1986)ɿϔϧΤཱིڠɼת

ϱӣಊͶؖ͢ͱɼεϝϣϪʖεϥϱ݃ՎΝࣖ͢͵͗Δɼ෼ཀྵָΝ઒໵ͳ͢͵͏๏Ͷ΍෾
ΕΏͤ͏ߡࢂॽ  
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[2] ϔϧΤϱӣಊͶΉͯΚΖޣմ  ja.wikipedia.org/wiki/ϔϧΤϱӣಊͶΉͯΚΖޣմ  

[3] ฑీཾ߀ʁColaboratory Ͳܙ͹ՌָΝֺ͢΍͑ʷαρϙۄતΝඵ͏ͱΊΓ͑ʷɼܙ͹Ռ
ָճࢿɼ35 ɼ1ת ɼ75-80ɼʤ2020ʥߺ  

[4] Google Colaboratory  https://colab.research.google.com/notebooks/intro.ipynb# 

[5] matplotlib.org https://matplotlib.org 

[6] έζϧඊطߨʁκϫ͖ΔΏ͚͢͠ͺͣΌΖ Python ೘໵ɼϜ΢ψϑड़൝ɼpp.255ɼʤ2018ʥ  

 

 

 

 

 

 

 

 

͹Ռָճ͹ܙΗͪϕϫήϧϞͺɼ͠ࡎܟͶ࠴ߪ HP ͹ҐԾ͖ΔξΤϱϫʖχͲ
͘Ήͤɽ  

https://katachi-jp.com/journal36 

ΩρφˏϘʖηφͲ Colaboratory ͹αʖχιϩͶహΕ෉͜ͱɼૺ ΔͦͱΊͱ͚
ͫ͠͏ɽ  

 

 

 


