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Relationship between fingerprint pattern and blood flow
estimated using dynamic infrared thermography
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Abstract: In a previous paper, it has been reported that fingerprint pattern are related to
the distribution of veins under the skin. Since the blood transfers heat to living skin, it is
possible to infer the direction of blood flow by observing the timing of the rise in
temperature of each part of the skin surface of a precooled finger using thermography. Blood
flow patterns were compared to the pattern of vein distribution of standard fingerprint
shapes, such as the loop, whorl, and arch. A similar study has been conducted for a case of
fingerprint mismatch between the left and right hands. This research clarified that the
ridges of fingerprints are closely related to the subcutaneous blood flow, and the

subcutaneous blood flow is related to the venous running patterns.
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Thermography camera CCD camera

Fretooked. fingel Near infrared LED illuminator

Fig. 1: Analysis of dinamic infrared thermography and blood vessel distribution. The
dinamic infrared thermography of pre-cooling finger was performed using the infrared
thermographic aparatus, and the obsevation of blood vessel distribution was performed in

the dark chamber using the near infrared LED illumination and infrared CCD camera.
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Right II

Fig. 2: Fingerprint, dinamic infrared thermography, and blood vessel distribution of the palm
side surface of a finger end segment. A, Fingerprint pattern. a: right loop; b: left loop; ¢: whorl;
d: arch. B, Dinamic infrared thermography and blood vessel distribution of fingers with different
fingerprint patterns. C, Indexfingers, II, surrounded by a white line in this image: fingerprint

mismatch between the left and right fingers. Middle fingers, III: loops; ring fingers, IV: whorls.
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Four bifurcation processes of the period-doubling bifurcation
Yoshihiro Yamaguchi
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Abstract: The two-dimensional area-preserving map T including one parameter a (=0) is
considered. It is assumed that T is integrable at a = 0 and the Smale horseshoe H exists at
a = al’. The bifurcation processes of the period-doubling bifurcation studied in this paper are
classified into the following four types (Types I-IV). Type I: The elliptic periodic orbit
undergoes only the ordinary period-doubling bifurcation and becomes a saddle orbit with
reflection in H. Type II: The elliptic periodic orbit undergoes the ordinary period-doubling
bifurcation, the reverse period-doubling bifurcation and the equi-period bifurcation in this
order and becomes a saddle orbit in H. Type III: The saddle periodic orbit undergoes the
reverse equi-period bifurcation and the ordinary period-doubling bifurcation in this order
and becomes a saddle orbit with reflection in H. Type IV: The saddle periodic orbit
undergoes the reverse equi-period bifurcation, the ordinary period-doubling bifurcation, the
reverse period-doubling bifurcation and the equi-period bifurcation in this order and
becomes a saddle orbit in H. Using the typical periodic orbits, we discuss the properties of
four types. The code of the daughter periodic orbit appearing through the (reverse)
period-doubling bifurcation is determined. The codes of two daughter periodic orbits
appearing through the (reverse) equi-period bifurcation are also determined. The cause of

the occurrence of four types is elucidated.

Keywords: Area-preserving map, Period-doubling bifurcation, Equi-period bifurcation,

Smale horseshoe, Code
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Wz KBS, RuubvidEFREZ Y =y 7 5. 0T = [wv]y, & AT, = [v, Tuly, D E #&.
a=4.

(a)

Tu

B T D
00 02 04 06 08 10 12 14 0.0 02 04 06 08 10 12 14
T T

3: AA—NDEMH DM, a=55. (a) FEARTHEEKZ L VBT Z0E%. (b) FAfHEHIERY, &
V,DE .

RICKFHXCHERAT2EM, EXEALTIKHEEX2 T LD THMNT % [4].
EE 2.2 AA—NVOBEHICHEET 2HHHEL 2 — FiE—0—xE% 7.
EE 2IERE = — F e REIREXY). AHqo FAHBGED 2 — Fiks=ss,5,..8 T 5.

REOW I ZMIC L7ea— Fs =5, 550% 2 — FsORfElxna — FeExRT 2. KM
LTbs#s 17 blE, a—Fs&a— Fs ' 2R KIEN &40 3.
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"y 2.4.

(1) 23— FstHfMIET — Fs e DWW Ts =s 1258 0 a2 CTiE, 2 — F s & HHE 130575
HmME<TH 5.

(2) 2= FseFfIRIEa—Fs BT, it 5 2&E L Tds#s1 61X a— Fso A
BIRIENFREMHBETH 2. 2 — FsesSOIENFEAMBE L E D ICHFET S.

EE 2.5 (g-0). Szl Hwlii oW Tw=gzAMY L2 & T 5. Mz V,(V)ICEET % &
LiE, mwd FHEV,(V)ICHFEET 2. chbikg-xfe 43,

EE 2.6 (2—FOR/MERE). 2—F001%&fle LCHHAL, R/AVEXRAEXZEAT L. &
Tx=(001)°, y=.(010)*, z=(100)* & ¥ 3. T b % ~EHKICEHRL 2MEITIXx=
.(001110)® = 2/9, Y =.(011100)® = 4/9, Z =.(111000)° =8/9TH % [4] (fI#k A 2 A X). <
NoDOBRPTXPR/NMETH S, XoT, a—F001% 2 — FOR/NMERH L ERT 2.

EE 2.7 (RIEBEPERN). 7 — FE2R/AMERI Tspsy s 5qo051 8 EHL . iLEs; (0<)<
q-DICHIET 2B R 2 2L T 5. zp, =925, (0<k<q—-2) PRYVLILDOLT 3.

(1) k<q-205&, BERONz, Lz, , 2 TR (T7T,) ICHOEHE L 2B R0 (RiZEE#
B & AT 5.

(2) k=q =22 Y L2564, iz 2z mAEPER &L 41T 5.

EE28 (ERKXH). a—FoRBL L CER2.7TCHT 2 ENz, 05 2 LHICKE L 72
eI
SkSk+1 " Sq-25¢-150 """ Sk-1 (13)

ZIERRBE L ALMNT 5.

EE 29 (a—FofE&dHE). 2—FicgdEhn s 1 offlEr @\ (FH) b= — Fi@
(#F) &7 5.

HE 2.10. § (&%) 2— FoRAMELE IR, BExoh oy FAREBEE (Y B E
WyE) TtH 3

23. 7AYIVRTEZDHE

ZEXH4]lcB AT N7 oy 7 2 EANT 5.

7u oy 7 EEHRA 2.11.
(1) EEEA1/qoEED 7T vy 7 DERK.

S(1/q) = 109721 (q 2 2), (14)
E(1/q) =077'1 (¢ 2 2), (15)
F(1/q) = 097211 (q = 2), (16)
D(1/q) = 1097311 (q = 3). (17)

- 14 -



(2) BE¥I 9 ¥p/q 0=2,q=5)D 7 7L 4538 % FPlp/ql ={p/qup /a3 L. 22T, p=
Pt 4=+ qr P —Pr =1 0<p/q <p;/q-<1/2. KIZT7 0 v 7 OGN ZRT.
Sp/@) = S(r/a-)SPi/ Q).

E(p/q) = E(pr/a-)S01/q) = F(01/Q)E (r/4r),
F(p/q) = F(pi/a)F (pr/4r),

D(p/q) = S(pr/a-)D(i/a) = D(pi/a)F (pr/ar)-

£ 1o, KT 2 Tvavrrtlds.
THFEEZLTEHBL.

SA/)=11bKR1ICEDTH .

£l 4o 7wy r700&1ic X 3KRH

r/q S(p/q9) E(p/q9) F(p/q) D(p/q)
1/6 100001 000001 000011 100011
1/5 10001 00001 00011 10011
2/9 100110001 000110001 000110011 100110011
1/4 1001 0001 0011 1011
3/11 10110011001 | 00110011001 | 00110011011 | 10110011011
2/7 1011001 0011001 0011011 1011011
3/10 1011011001 | 0011011001 | 0011011011 | 1011011011
1/3 101 001 011 111
4/11 11101101101 | 01101101101 | 01101101111 | 11101101111
3/8 11101101 01101101 01101111 11101111
5/13 1110111101101{0110111101101{0110111101111(1110111101111
2/5 11101 01101 01111 11111
5/12 111110111101 | 011110111101 | 011110111111 | 111110111111
3/7 1111101 0111101 0111111 1111111
4/9 111111101 011111101 011111111 111111111
1/2 11 01 11 -

24. EEOEDER

(18)
(19)
(20)
(21)

Zuy 78(1/2)k 7 vy 7 F(1/2) =11 2 »
UTclik7my 2FQ/)xH 3. 7uy 7 ol HA D7D I

E23MTHEALLEZT vy 7 3HEBOLHTD H B[2]. ToDMHEEBBOER ZEBRITY L

LTHRBTZ 2. EBTHIOEEL1OLGE, EBRARETH D, 0DGAITEBRTE R,
1) 0<p/q<r/s<1/2:

M(p/q,r/s) =

| E(r/s) S(@r/s) F(r/s) D(r/s)

E(p/9) | 1 1 1 1
Slp/q) | 1 1 1 1
F(p/q) | 0 0 0 0
D(p/q)| 0 0 0 0

- 15 -
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i) 0<p/q<1/2:

| E(1/2) F(1/2)
(E(p/q) 1 1 \l
M(p/q,1/2) =| S(p/q) | 1 1 . (23)
F(p/q)| 0 0 /
D(p/q)| 0 0
i) 0<p/q<r/s<1/2:
E(p/a) S/9) F/9) D(p/q)
E(r/s) | 1 0 1
N(r/s,p/q) = (S(r/s) 1 0 1 O ) (24)
F(r/s) | 1 0 1 0
D(r/s) | 1 0 1 0
iv) 0<p/q<1/2:
E(p/q) S/@) F(p/q) D(p/q)
N(1/2,p/q) =| E(1/2)| 1 0 (25)
F(1/2) | 1 0
v) 0<p/q<1/2:
| E/a) _S®/a) F/9) D(p/q)
(E(p/q) 1 1 1 \
Je/av/a)=|Sw/ | 1 1 1 1 (26)
\F(p/q) 1 0 1 0
D(p/q)| 1 0 1 0
vi)
| EQ/2) F(1/2)
_[EQ/2)] 1 1
J(1/2,1/2) = Fa/2 | 1 1 (27)

T, il E T ey 2t onTHiIRLTEBERZ V. 0<p/q<1/208E, D O FHEIK
E®/q),S®/q),F(p/q),Dp/ B EETS. 2hb% b tic7 vy 2E®P/q),Sp/q),F(p/q),D(p/
PDEEFRL. 70y 7S/ &EIF 2L 7wy ZJF(p/QiCb. 70 v Z7E@p/QL 7 ¢
v 7 F(p/q)(S(p/q)) Ttk & N3 HIAWE IZFTET 528, 7 v v 7 D(p/q)Tatik & 112 J&
B X ETE L 7o

p/q=1/208&, ZODMEREA/2)ESA/2)=F(1/2) =113 FHET 5. 7 vy ZE1/2)T
N2 EWPLEIRFEET 2, 7u v 7501/2)=F1/2)Tiid & 2 FWHE I FEE L
75\,

I—FE7uy s CRLEER2 70y 7 a— VIR, BT OWE» HHE 2.12 8%
b3 [4].

WHE 212, 7oy rza—FicEihs 7y 2 oRERICECCp/qh/METH B L 5.
7uy 7 a—FOR/NMEEXRIZEP/QTHES. 72771, m/IMEFROEHEERICE@/q)» #
e A & A

. E(1/3)E(1/3)D(1/3) i3 fm/MEFRIL T4 <, E(1/3)D(1/3)E(1/3) P f/NMERILTH 5.

E# 2.13 FEBLAELE). FA» OB~ O BB S THAS A, BABETEEL 0V,
Z5ThRCBAEEIEEL .

- 16 —



fl. FEF(1/3)S(1/3)1x 25 1kGECTH % 2%, FES(1/3)F(1/)IXHAETH 5.

2.5. KRR

4 #FHALC () G BE () REHSEICOWTHAT 2. KL TIEv7
A—ZaxkHEICHMT 2L cREAEL 2L T2, BHAEBHREOEHZq 1)L T 5.
5 3 JE B 8 23 RO T ROV R EE I o 2w AR S RIS T d B . Z D4y T
W2 2qD IRBGE D — D U 2 IRPLE ZFEMBICTH 5. % D 7= D IREE 13 JE S 95 Ik % 5] %
fewvCife 3. KERB Y PR EGE 22 T ELE I KT 2R K E PG IR TH B .
Z D4y TR S 2q D IREE A — 2 U B ABIREEIX Y FATTH 3.

5 PR R B dhE A3 ROV R EGE I I 3 2 @RS FEEWE I Th B ol T
WD qOIIBPLER 2L L 208200 ORE IEMECH 2. Z D7z D IRE I E TGS
I % 51 % fewv TR 2 3. H NV S EGE A3 A A JE B & 1 43 Ik 3 % aE AR 28 ST JE B 43 T
Hb. ZORIETHMABqOBEER 2L LB INSEF FATTH D .

e S RE AL S RRfp
oA R I SRR S ?
-— -—
E— —_—
o I I 15 A 53k -
3 R HeF AR 1V

4: () A o iz & (B) [8] B HA 49 I
3. > D HIEBER

3.1. 247 |: BHAE I

247 1ol L7 ay 73— FEWN/5) =00001Talk X 28 MHEEHEL v 3.
CORMMEIZEHEAESSQAREE SR ER S L CELLHBNETH L. NERTHF
ARG D 70 v 7 32— FIiZSA/5) =10001TH 3. b ARIEsEcE L 2 iR E
lZa.(1/5) = 4sin®(n/5) = 1.74187CT & % [4]. 5 M A Ja BA G 23 )8 45 0 I % 2 © 3 B i a =
aP?(1/5) = 1.74302878C 1§ [ B & # i & P AR E S g o #E s 2 X 5 1R L 72,

- 17 -



[
~0sf] T2 S;: wy

0.0 0.5 1.0 1.5
xr

5: 7wy 7 a— FE(/5) (00001) D J& & 5 {zy, 2y, 25, 23, 2,3 & 70 v 7 3 — F
S(1/5) (10001) D J& HIBE 5 {wy, w1, Wy, ws, wa}. a = aP?(1/5) = 1.74302878.

PR F OB O PR i o8B R (€8, 8z, €8)) &b oL FERICY P A BLE Y
WE D AR B BB (woeSTEw, €Sy) b 0. K5 DD B 72 0 ICRIE S BRIK
DIRT A A Y A B 38R Vi, Al 5EIV, & 72 2. WUER 20 fizen» 5B S T &
T2 — F00001 =E(1/5)% R T% 5. FERICHI R w2 585 2 & T2 — 110001 = S(1/5)
BREOND. BUERZIC B O THIRERS; & IR O BT ZEL Twd S EICERL L ).
REHSCTE, WFRERS; % g-Elih & WY, BB iz, Tg-Flh & REL T 5 RT2S, % g-Hl il &
I 32

5 Oz IC BT b g-RlioHEIc oINS, HE T 25&K01)E2FHA
LCHEE 25 ET 2 HEZBATE. XA —Zakiko T, AMHLES O EZRET 5.
RVIICz, = (X, 0) L X ARS, D HEE =080, HELEPRT 2. RICzDx- T L HZ &
Y HEEARE L. BONAEREREM 6 ICFE LA, 780y 22— FEN/5) E#LE 4
U 7z B SUAE I & E(z,) 12, WFRARS, D x = 112 51 5 % a,(1/5)/2 = 2sin?(r/5) = 0.690983
T L v, ST A — ZapINT 5 X MM 2. FBEOEAEL 3 EREa=a =
1.7430287C, {HE X HKWT 2. 20k, HEFACRVEML, BUOIEKRS. 2L T, @
FRRALTCEZARALELREOINTL,OME ICHHIT 2. Bi5 1.1 3FEm2EME LT 22w
=B ERAT 52, BiE 11 2K0 728 Tw 3 HERB AL ELEEDOINTT,DRATH
2 ENRWELDITR T2,

- 18 -



£(24)

l:4 116 l8 2:0 2:2 24
a

[ 6: X FRHRDIRT2S; Dz, € SFIC BT 2 & E(2,). HE DR T 2 aD il A IS 73234 U

% lifE 5LE (a = 1.7430287) TH 3.

RICKEMR D ST 2 — ZRGFTEIC D W T~ 3. W la.(1/5) = 4sin?(n/5) & Y a%
wmE e, REMBREFASZEREZRX 7 <R L. K(a) 38 M E B #0E o 28 iR T
5. CHhXVEAMESEBERZZA 7T 1 chbsenbrs. Kby N R EHE
DEEMBETH 2. BHBEMHED 7y 7 a—- FEQ/S)BETHa—FTHs Lk,
CoBRAHE I BRI RIEY FARBEHEch 2 LB rnE. — DT ay
7a—=FSAB)BETHE XY, CoBEITERoPb ik PARIERELE S 2 2 &
Bbhb.

(a) (b)

% 1.5
14 15 1.6 1.7 14 15 1.6 1.7
a a

7o KEMEREL (@) 78y 73— FEQ/S)D B M0 U 2 BRI o =
aP? =1.7430287. (b) 70 v 7 = — FS(1/5)D & i#LiE.

FAIES A I A2 C B B A Cg-ll o & BT 2 2R LTH L. g-AlllcEg
¥ ERT 5.

g(T?Sy) =T %gS, =T 2ghS; =T3S, = T™>(T%Sy). (28)
COBMGRLY, g-ElEic GgRERAT 2 C L ikg-RIllIcT S RT3 C L LAETH
5.

- 19 -



vl (a) Ss /1 vl ()
0.8} 1 o8l
2 a—
T48 %
0.6} 1 o6} ]
* \
0.4} 2 22 1 o4} .
[ ]
0.2} 1 02}
" 20 g(?S;) Sy Sy
K * 0.0 *
N. A8 [ . e MQ [
0.0 0.5 1.0 18 o 0.0 0.5 15 4
1o} ' ' ] e} 4
) Y
©) . (@ "
0.8} 1 osf 2o
22
0.6 1 o6}
\
0.4t L u2 4 0.4} ° u2
0.2+ 1 0.2+
0.0 * 0.0 .
\ 9 | N/
0.0 0.5 1.0 15 4 0.0 0.5 1.0 15

8: g-Tiih, g-Bllh L GgT2S)PRE. () a=a’?-02. (b) a=a,. (¢c) a=a.+0.1. (d)
a=a""+02. a. = 1.7430287.

M8 T, g-Allihiz B ciix, g-FllhoGRgT2s,)i3HE Tiv7z. X (a) i3 AW 51 o i o
K zRL T 5. $hﬁ,ﬁzz®ﬁf%0’g-ﬁﬂﬁlﬁk g-ElEh DR & DR M T v, EEFAE ORI T
HHrHEB)ICEWTHFEKTH L. ZoBHEIE, g-Rllie g-FlE OB PE Sz, THEL TWw 5.
D% Y, g-Flfh L g-BlEOBROME X XL bICHBL Vs, MHFEIKOEORITD 2 X
(&icsnT, g-Alfilie g-BlEOBROREBEL D, PLEHZLOETHOMBE S Zu, &
T5¢, O ETOMER T, (Fgu)TH 2. TNH FIER 2z, & D4 U2 REE S T
FHIZ 10 THh 2. Bon-HRE2HE 3.1 LT3,

HE 3.1. g- Tl oWl Sz F G 2 2 LA U2 BE S8 g-8lit Eicd 2545,
JE 145 53 U7 D i S CHLE S zic BT B g-FlEh o X 13 FECT B .

RIEHEE RNz 23 (= gz) D DIRME RV EC 2T AR IR L. Zhbize dic
TEIRVICHFEET 2. Wl Mz 5 E U2 H0ES 03 A B LERV,ICAS. —H ol
ﬁSﬁEﬁﬁK%EL%ﬁ%Kmié.%LﬁaﬁaibtﬁﬁﬁBMEﬁﬁK%@L%ﬁn
ICAD. —HOHES 8 IXEFAICKHBE LIEVICEE 2. 2 THEM0GB) cgkEAT
5L, $jL FTEE R 3 (8) 1K D, MBS T3 % EH L 2R 3B iz, TH 5. #LE Mz,
DHITH ‘éﬁjLL,.n CT3ZER L 72 QIZEES 3 &30, oMt LN Z06ICH 5
7, BNz D EICH 2B RS ICT* 2L AZBRIIPESR8 LR 24, T DmIdilEtz,
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OREICHD. ERTIOIEHATCEADOBEBREIREEINS. Cok)AMESOBREI 2 b7k

JE G o s 2 ST AR O b B & KRBT 5.
(a) (b)

1.0

15 St
Yy Vo Y g
E 1.0 9 E2
05 § fai °
ol S, % g :
P T2 |y St
Sq :
. 21 '
-0.5 6° 1' H
0
. %o}
5 %
71'%.0 05 1.0 1.5 0.0 05 1.0 1.5

9: RFIE 1 {20, 21, 24} & IREAIE 15.{0,1,---9}. (a) a = a.(1/5) + 0.4 = 1.78197. (b)a = 3.2.

g
Y N\
00001 - 00001

o

10011 - 00001

01234 56789
X 10: BHESEREERCH 2B 5B T3, BEOa — FoRESE. RBEOTD
01,99 IcE T 2 IRIMERO0,1,--9%FKL T3,

JEHE SR IR ENcH E e 2 @I WAL ZRED 2 — F2HREL L 5.
ZDHICHNED 2 - Fog/MEKXRH (EHRB L H2) 2 oL <HL (X 10).
FICR R X5 IS 0 & 3 BV ICEEIT . ch Xk hflES0L30a—FE 1 &
EET. S50 — F10011-00001% 7 u v 7 TERT 2 &EDA/SEQA/S)BELN B (K
IMEFREITIZE/5)D(1/5)). RIEEPES 2 SE L ZRPLEOBH OML % b L ICRIED
- FERRESELZ, HRCROEPWERTSE I RAELALAMNT 2

RLER 2 4 7 1 o BOERE % K 2 3542 RICRnd.

& 3.2, RHEIMBE R A L ZERICEBLWCHEANchroFHa—FTchsb o .

RBICHEZRRTEL., ~RIUER TR I NAZBPGE T2 47 1 ThHs. —RIC
FARICE T 3 AMGE IO IEFICE B2, 7747 vo87 L (M. ]. Feigenbaum)
KXo TELPNAEZDOFHLB GBS OB CBE T 205E0 HF L 7% o 2 HEHW
B TH 27, 8]. —RILFRICH T 2 S c B3 2 AME L L TEEF 3k [9, 10]
ERU I EERBO L. £, ZRIUERICET 3 ABE B ICOWTRBECE[11] 8%

7=D.
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3.2. 247 II: S » o RABE SR, REAEZ KA

247 11 ofle LTHFAL /) = FEcAECZRPANEEH S, 7ay 7 a—F
E(1/4)E(1/3) = 0001-001 & E(1/4)D(1/3) = 0001 - 1110 HIABLE AN CEL 2. vy 7 2
— FEQ/MEQA/3)IEHETH 2. CoEBEL, YA/ — FoEoERZTIEY FALETH
W IEHHOPTHH FPATH L. b)) —D2D 71y 7 a— FE/4)D(1/3)D & HiE» 2k
CLABE®ZEEHECTHZ. 7ny 7 a—FEQA/MDEA/)EFHTH L0, XT X=X DK
bm:a%ﬁw::®ﬂmﬁm_iﬂ%FﬂW&%?@Hﬁt*L RICKFAE I 2R L, ?&

CRIEM IR LCH FARE RS, 2% 0 70y 7 a— FEQA/4)E/3)D JE A E
247 11 OoFfEEREEYREI T Lrbdr b

FEHRT"ONARBEZEANT 5.

T7 =hogTS. (29)
WNEGTOICE L TAEREART3S,THE. 2%V,
gTe(T~3S,) = gT3S, =T 3gS, =T~3S,.
XS, & h-F W & H AT, RT3S; 2 h-Elfh e AT 5. RT3 ICGrEEHT 2 L,
hT=3S, = T3hS, = T*hgS, = T*S, = T"(T73S,)
BELNSE. 2%, h-ElEHChEERT 2 2 L Zh-EllcERT Z2ER T2 L LRETH

RICERT' O ONERBHEZEZ LS.

T7 =T®hog. (30)
WATRICBE L CALRERIRTS, TH 5. NS, & g- Tl & 4 AT, BRT3S; % g-fllih &
LT B, BT3B g ET % &

gT3Sy, =T73gS, = T3 (gh)S, = T™*S, = T77(T3Sy)

BELND. g-ElfIcgEERT 2 2 & idg-REICERT72EHT 2L LHETH 5.

7nay 7 a—FNEA/4)DA/3)D EHEE L EQA/HEQ/3)D BEHEER Y F v ) — F ok T
EL 2T EK 11 ICR L2, K(a) TlE, RTS; NS, LBELTwE. SRS F
N — FRIEDEFAECTEL 2. T A — 2B e b R VHLE Rz & w3 AFRERS, b
FREAICHN T, BB Rz & w, D RIS R L E % KR DINTT, N%J\mez, P T =
LTiELw., Ot X Y RELEEOINT I, (=hTT)DRAL TS, fliEzid 70y 2
a—FEQ/4H)DA)0EMEE S Tch v, AL - ERIBARNTH 5. ~ﬁ@$ﬂ Bw,lx 7 o
vy 7 a—FEQ/HEA/3)OEMHERTch Y, ECZEREIY FARITH 5.
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0.1 0.1
-1
Y T—T% Y
SI_: wlﬂ )
0.0 o 0.0
P iy
g
g-
g
-0.1f TP“ -0.1f
-0.2 -02f | 24
Z4 w
_0'%)0 0.2 0.4 0.6 0.8 1.0 _0":')0 0.2 0.4 0.6 0.8 1.0

11: (a) ¥ Fr/ — Fol o R fEa = 3.217000312. TS, 536 FRkS; LB L T 5. (b)
YRV = PRI H A Uz 1 B, WE m 2, 23S PR R B0GE ©, 08 fiwy 259 1 v BUJE T,
E. a=34

(a) (b)
10
i L3
0 | /
\
5
-5
—~~ —~~ R3
S 1 2 "
= [ /
-15 -5
-20 -10
3.21700 3.21705 3.21710 3.21715 3.21720 4.032  4.034 4.036 4.038 4.040 4.042 4.044

a a
12: FEARME O REWBREDO T X — 2 KEWE. V) — PR IEOERE a
3.217000312. (a) J& A5 43 I o i FEH a = 3.21700632. (b) K& W65 5 Ik o i 5Ll a
4.03727292, [6JE 52 I O R AE a = 4.03829282. Fi5 Ly & RICD W T X, 3 3.2 fio &
TaHT 5.

A,

7way 7 a—FEQ1/4)D(1/3)D M JEHEE O ZEEGRE T~ 2. REEREIESF
A—ZaD¥EMICE dhwvr@=2& YA L CTr(a)=-2#ELHICHHD T 5 (K 12(a)).
r(a) = 2 CREMEDIEAAET 2. r(a) < —283K Y 2287 A — ZFEICC I, EEE 1T KR
ZES P PARTH L. REEBBIIERPTHMICEKL, 0% r(@=-2C% 5. 2%, K
JERARE o3I A3 248 U CHRE M BNIC IR 5. & myic, Z O BMEE 13r(a) = 2% i 72 3 aD fE CIA A
Moz LTy PARE 25 (K 12(b). UEXY 7 vy 22— FEW1/4)D(1/3)D
B2 A7 1 OREGERERE I T2 LB ERTE .

13(a)iciz 7 v v 7 32— FDA/3)E(1/4) D FHLE # i &, 13(b)icix7my 7a—VF
E(1/3)E(1/4)D(1/3)E(1/4) D IRHE % fi v 7. K (a) T, =2 Dl Mz L z, (= gzo) i3 L 1CH
Bvichh, poBRICREELZNESTH 2. FPEGIEE, cNOb0MIVEL LR
MEROBE O 225, Bl sz 2 b 0FRS, FICIRPUE Ry, Lug®E L 2. 2 b
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i, M) Tir1e8taMEINTwd, Wl bu 3B L, IRV Ic A5, ulbugldf
BT 3 EEICEE S ((). M 13 T, fiEIc A>T 3 EERDH 72 0 IC R ES KK
DINT IR AT 2. §E mu, & g- 0 % 70 3B mugd IRV B8+ 5. Lo L, Bl
ug & g- M & 7 THGE Su, ZHEB VI F 5. REEGE S 2, D LI IRIE Bu, B Y, A u,
Hb. T, BRPGES 2O ECIRPLESu, 235 Y, HiCugddd 5. EHDOBERBERT TR
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MSyeELTCwE., ZhiFY Py — VIO RECcORITH 2. ¥ Fr s — Foric
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HE, REERBOK12Z AT L., REERBPFEAD L Cr(a)=-1.RET S5 mH% L,
LT R (K(a). REEBEIBEML T, BEr(@)=-12XET2H %R T35 (¥
(b)). r(a) = =1 =2cos(2n/3) X U, Ly i3 BART7 % Hfr & L C[nlHE801/3 D J& W8 25 [0 #iz 45 15
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TIZ 0 tEL2RTWE)ba, AL D, HagldHHANICHEE LEBV,ICA S, Ha, 3/
B LHEBVICHEE 2. Mz X VIRHERa, & ag? U 2. Rlagld 5 /7 MICHH) L H
BV AY, Ra 37T MICHE) LHEBVICE £ 5. a, =gay & ag =gag2 K Y LD, GART?
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&t 3.8, RHEMAMGER E L2 ERICBEWTH PABTrOHFa -V THEH I L.

BAl 3.9. AAfiED 7 vy 73—, 7a vy 2D/ aEhwigsaiE (1 28EL, 7
oy Z7D(p/xatELaix (1] 28T 5.
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2179 .
2119
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WEGEL TAELREARIITS, TH 5.
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I D %, $JL Mz, w3 T 2 (K(c). BRT7S; DIESHER 3 id FEIC i 23 0, ANLE S RED
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(l(d))‘

- 34 -



7wy 27 a— FE1/5E(1/3)D(1/3)E(1/3)DiE % K 30(a)lc /R L 7. fEHIV, &V, DB
ICEVE Rz, L 2, D05 X 1 TH D, F7z, ilinizglz, Dl FE 0 THL I e Bbrb.
Ihs XY a—1F001-111-001-00001 = E(1/3)D(1/3)E(1/3)E(1/5) R TE 5. T v 2
a— FE(1/5)S(1/3)D(1/3)F(1/3) D i i % X 30(b) I ff\v> 7. BB miws, b w, Dt 5 1E 1 T,
M wgtw, Ot 513 0 TH5. X»o>T=— F101-111-011-00001 = S(1/3)D(1/3)F(1/
DEQA/S) DR TE L.

o.10f o.10f |
(a) (b)
Y
0.05 0.05
0.00 Sh 0.00 °
-0.05 _0.05
~0.10} _0.10
~0.15] _0.15
0.8 0.6 0.7 0.8 0.9 1.0
0.10 ' o.10f | d ' ' ' '
’ @
0.05 1 0.0s}
Oy
0.00 0.00
24| \Wa /,64 24| Wq
~0.05 _0.05]
~0.10 _0.10} ]
-0.15 —0.15} /
0.6 0.7 0.8 09 10 0.5 0.6 0.7 08 .09

29: NFRERS,, BRT7Sy & AN RIELRIKRTT,OBLE. () ¥ F v/ — PRI DOHET. a=3.02. (b)
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JEMA RS 3 T, BERAE R & U 72 IRGE R D g- 0 % 7 3 TR T S REIE Y, (V)4 B HH
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T8 A B FEICH T2 E&HLEEFECAPNEZEL< 7R
77 A
a— FsoHMERTFOLE, s =sstHET 2. Bo5a, Es'=s35. il LT,
s=001D A 1Es’ =001001 T, s=0110%&13s'=011TH 5. LLFTiEs'=001001% b &
it 5HE Fao L cEL., ST/ REEREL 72,
--001001,001001 ---.
VB VX D AR D, S Ex =, (001001)° & FH L NE S XD KT AT HE A,
y =, (100100)* & EF . 22 Txtyll oW T fEE~EHBTEZ (a—Fo EE~0LHT
eE Al 2SsEFiIce L) BB oORE 2 RICRT.
X, =. (001110)*® = (7/32)/(1 — 1/64) = 2/9,
Y, =. (111000)® = (7/8)/(1 — 1/64) = 8/9.
IR X, Y)IC TR O FERTEZEA L T, Z0RBROWER ZRET 2. L5Vl Tlx, yHBE
DETZKELCHELAZH. 2NICX> THFHOHMER EDNIERT D 2T L &
%.
LEFH (0<£9<1) KBTIEHRTZHEBNT 5.

5C\n+1 = an ’ yn+1 = f’n/z; (0 < J,C\n < 1/2) (41>
5C\n+1 =2- 25211 ’ yn+1 =1- },/\n/2 (1/2 < J,C\n < 1) (42)
FEARTIX, SEhe goBE TRl T 3.
h(z.9) = 3,2, (43)
~ oo o _ ((9/2,2%), (0<x<1/2)
g = {(1 —9/22-2%). (1/2<%<1) (44)
L5 T T O XA 2 RICT/R T,
Sp:d =%, (45)
¢ [V =2%, 0<2<1/2)
g'{fzzz—zy. (1/2<%<1) (46)

I oNMITeECoR s FHoK T Tnd.
- Fo#EE~OERFREE AL

T = F&sesysga & HLS. T — FOMEFMELME R o [ EEBATD 2 — F & spsy 55,8 L,
R (X toty oty 1 & T 5. AR DILSeS; v Sqo1S081 Sqa® IR L, BFEPER T 25 XL 9 IcH
FEL, BIATD 2 — F & sps; 5008 T 5. BT toty - tyq1 & T 5. BffaTo 2 — Fic
HLTUTOFIEEZFETT 5.

[1] ty = s,.

2] 1<k<q-1%7131<k<2q—1D5H, t,% Tt OB > Tk 3.

(a) so2* b s 1 LT TOIDMHEBEHR DL A, t, =1 — 54.

(b) so7* B s T TOIDHE DB EE D LA . ty = s

[3]

WAEAEOEA: X = (BI1; te/29)/(1 - 29).

WAESFOLHA: X = (524" t/25)/(1 - 229).

&%, &5 b cABHE % i { Mathematica®D 7' v 7 J 4 Z#it 7-.
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(*Input codex*)

s = {0, 0, 1}; nn = Length[s];

(#Definition of function*)

F[s_] := Module[{m, parity, xx, xxnew}, m = Length[s];
parity = Mod[Sum([s([[j]], {j, 1, m}], 2];

If [parity == 1, {m = 2 m,

xx = xxnew = Flatten[Append[s, s]]}, {xx = xxnew = s}];
Do[If([xx[[j]] == 1, {Do[If([xxnew[[j + i]] == 1,

{xxnew = ReplacePart[xxnew, j + i -> 0]},

{xxnew = ReplacePart[xxnew, j + i -> 1]}],
{i, 1, m - j}I}1, {j, 1, m - 1}];
Sum[xxnew[[k]]/2°k, {k, 1, m}]/(1 - 1/2°m)];
(*0Orbital points*)
tx[1] = F[s]; ty[1] = F[Reverse[s]];
Do[If[tx[k] < 1/2, {tx[k + 1] = 2 tx[k],
tylk + 1] = ty[k]/2}, {tx[k + 1] = 2 - 2 tx[k],
tylk + 1] = 1 - ty(k]/2}], {k, 1, nn}];
ppl = Table[{tx[k], 1 - ty[k]}, {k, 1, nn}]; Print[ppi];
figp = ListPlot[ppl, PlotStyle -> {Black, PointSize[0.02]},AspectRatio -> 1,

DisplayFunction -> Identity];
Show[figp, Graphics[{Circle[{0, 1}, 0.01], Circle[{2/3, 1/3}, 0.01]}],
Graphics [{AbsoluteThickness[1.5],
Line[{{0, 1}, {1, 0}}], Line[{{0, 1}, {1/2, 0}}], Line[{{1, 1}, {1/2, 0}}],
Line[{{0, 0}, {1, 0}}], Line[{{1, 0}, {1, 1}}], Line[{{1, 1}, {0, 1}}],
Line[{{0, 1}, {0, 0}}],Line[{{0.6, 1.03}, {0.85, 1.03}}],
Line[{{0.85, 1.03}, {0.825, 1.03 + 0.01}}],
Line[{{0.85, 1.03}, {0.825, 1.03 - 0.01}}],
Line[{{-0.03, 0.4}, {-0.03, 0.15}}], Line[{{-0.03, 0.15}, {-0.02, 0.175}}],
Line[{{-0.03, 0.15}, {-0.04, 0.175}}]}], PlotRange -> All,

Axes -> False, DisplayFunction -> $DisplayFunction]
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IOIREL EVIDORFEAL v T, Fa— 2o ETiImAL 2w, 2wz, [{EHD
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WIDEMRFAL 2wz, YHEER [ 77y vilBiok ol LT, {EhE v
5] DTRBVWESLSI 2w, FEEFHOHMETH 3,
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221, ELBZEERT D

77 v ¥ %fio T, Colaboratory ® HPIZ 7 7t AL C, 7— X+ f TV ADE AL
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) 1) ICHES IERALEE 200 K L CA XS,

A=A AV I Sl N |

import numpy as np

from matplotlib import pyplot as plt

np.random.seed(19680801)
number of data = 200
data = np.random.randn(1,number_of data)

x = [x for x in range(number_of_data)]

fig, axs = plt.subplots(1, 2, figsize=(11, 5))
axs[0].plot(x, data[0])

axs[1].hist(data[0])

plt.show()

0 25 50 75 100 125 150 175 200 T3 -2
1: LB D W RS & BT 534,

1 OMESFERZ L, EHSMICRZRVAD Law, FE S8 3L #EK
number_of data = 200 %% 2 C. number_of data = 20000 & L T. GLE DS IEHL AR IC
oT VB PMEIPDTAHLI, BET MBI L, EHRIMICL 205 6LEIC R -
T2 ORHMEICKR 2, bin O ZHEPLT L. X VBHBICIERDMICR > T3 D P50
5,

a7 5) A2

import numpy as np

from matplotlib import pyplot as plt
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np.random.seed(19680801)

number_of data = 1000000

number_of bins = 100

data = np.random.randn(1,number_of data)

x = [x for x in range(number_of_data)]

fig, axs = plt.subplots()
axs.hist(data[0],number_of bins)

plt.show()
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WIS, AxZIEGICBET 2L T2, 22T, dx i3, BETRLEZERILEEZH W3,
1 RICDTF VR LT+ —2DyIalb—vay (FusZ7745)203) 2K4I1CR87, 7
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_ 48 —



—Ax +Ax

x il < (_¢_)

® VXL F—H—

\ 4

B 3:1RICDTVELY +—7,

A =0740 2VNE B S N

import numpy as np

from matplotlib import pyplot as plt

np.random.seed(20210601) # EL%Ek D FE % 5% &
number_of data = 100000

number_of bins = 50

noise = np.random.randn(1,number_of_data)

x = [x for x in range(number_of_data)]

position = noise.tolist() # numpy A% % Python o #5112 25 #a
position[0][0] =0  # FIWINLIEZ 02T D

def randomwalk():
for i in range(number_of_data - 1):
position[0][i + 1] = position[0][i] + noise[0][i]

return

randomwalk()

fig, ax = plt.subplots()
ax.plot(x, position[0])
ax.grid()

ax.set_xlabel('Steps")
ax.set_ylabel('"Position")
ax.set_title('1D Random Walk')

plt.show()
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1D Random Walk
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import numpy as np

from matplotlib import pyplot as plt

np.random.seed(20210601)

number_of data = 1000

number_of bins = 30

noise = np.random.randn(2,number_of_data) # 2 >®DIEHELK

t = [t for t in range(number_of data)] #t (ZFFfE D E#
position = noise.tolist() # numpy FC%|% Python o El%IIC % s
position[0][0] = 0 # PIAGIE x 2 01C$ 5

position[1][0] = 0 # YIHAGIE y # 01ICF 5

def randomwalk():

for i in range(number_of_data - 1):
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position [0][i+ 1] = position[()] [i] + noise[0][i]
position[l] [i+ 1] = position[l] [i] + noise[1][i]

return

randomwalk ()

fig, ax = plt.subplots(1,3,figsize=(16,5))
ax[0].plot(t, position[0])

ax[0].grid ()

ax[1].plot(t, position[1])

ax[1].grid()

ax[2].plot(position[0], position[1])
ax[2].grid ()

ax[0].set_xlabel('Steps')

ax[1].set_xlabel('Steps')

ax[0].set_title('x Position')

ax[1].set_title('y Position")

ax[2].set_title('Trajectory of the Random Walker in 2-D")

plt.show()
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import numpy as np

from matplotlib import pyplot as plt

np.random.seed(20210601)
number_of_steps = 10000

.
=

reachdistance = 0 # &= 2ZE T Bk

noise = np.random.randn(2,number_of_steps) # 2 DD IEMHELE
t = [t for t in range(number_of_steps)] #t IXWFRT DAL

position = noise.tolist() # Walker D {i7i& % Numpy Ec% 72> & Pyhon @ %] ic 2 f
position[0][0] =0 # VMM E x 2 013 3
position[1][0] =0 # PIMfIE y 2 01Cd 5

distance = [0] # JR 2 & O FREERE R A o Bl A
maxreach = [0] # fxow B E R EE o KR A o Bl A
def randomwalk():

reach = 0

for i in range(number_of_steps - 1):
position[0][i + 1] = position[0][i] + noise[0][i]
position[1][i + 1] = position[1][i] + noise[1][i]

rr = reachd(position[0][i+1], position[1][i+1])
if rr >= reach :
reach = rr

distance.append(rr)
maxreach.append(reach)

return

def reachd(xp, yp):
r = np.sqrt(xp*xp + yp*yp)
return(r)

randomwalk ()

fig, ax = plt.subplots(1,3,figsize=(16,5))
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ax[O].plot(position[O], position[l])

ax[0].grid ()

ax[1].plot(t,distance)

ax[2].plot(t,maxreach)

ax[0].set_xlabel('x position")

ax[0].set_ylabel('y position")

ax[1].set_xlabel('Steps')

ax[2].set_xlabel('Steps')

ax[0].set_title('Trajectory of the Random Walker in 2-D")
ax[1].set_title('Timeseries of Distance of Walker')

ax[2].set_title('Timeseries of Max Reach Distance')

plt.show()
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import numpy as np

from matplotlib import pyplot as plt

np.random.seed(20210601)
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number_of_steps = 8000 # HREDOKRAT v 7
nwalker = 1000 # VLY F—h—DHE

#  IEMELE O EE =W R 7 v 7" X nwalker O il 5k
noise = np.random.randn(number_of_steps, nwalker)
position = noise.tolist() # Walker D {ii& % Numpy EC%2> 5 Pyhon @ EL%l) i 2 #1

def randomwalk():
for i in range(number_of_steps - 1):
for j in range(nwalker):
position[i + 1][j] = position[i][j] + noise[i][j]

return

for i in range(nwalker):

position[0][i] =0 # #WIHAfE%Z 0 1cF 3
randomwalk ()

rangel =(-100,100)

number_of bins = 30

fig, ax = plt.subplots(1,5,figsize=(16,5))
ax[2].set_title('Histograms of the Position of Walker in 1-D")
for iin range(5):

ax[i].set_ylim([-1,1100])

for iin range(4):
ax[i].hist(position[20**i -1],bins=number_of_bins,range=rangel)
ax[4].hist(position[20**i -1],

bins=number_of_bins,histtype='step',stacked=True,fill=False,range=rangel)

plt.show()
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Histograms of the Position of Walker in 1-D

1000 1000 - L000 4 1000 4 f.000 4

800 - 800 4 800 - 800 800 -

600 - 600 4 600 - 600 - 600 -

400 4 400 4 400 + 400 4 400

200 4 200 200 4 200 4 200 A

|- N,

T T T T T T T T 0- 0- 0-+ T T t
-100 -50 0 50 100 -100 -50 0 50 100 -100 -50 0 50 100 -100 -50 ] 50 100 -100 -50 0 50 100

7 BESATDLGE,

TVRLY A —H—DNEDSIE. ERHSH (N(u, 02) fiE5, KEEEE & D
W, ERDHOFEE n=032b567. Do KELRoTWnL, ZOFME, oIk
fIfEE T 2L, FVvELY =AW —PREBIC—RICO/HL, —HKomicalcE s L)
C72 5%,

Colaboratory ¢ Python & 7 4 77 Y matplotlib #{# 5 &, 77 v vi##) & L5 2K
ODRICHEHTZ 2K (HlziX, KIREEXEFORDEKM) 2EH LT 7 LCTER D,
matplotlib.org ® Gallery X . A WY Y 7T L7 v 7 F7 L53% < B 3[5], (Animation D
AT Y =, 2ERY FAREOHMD HS,) Gallery ® URL ZLLFICREL TH L,

https://matplotlib.org/stable/gallery/index.html

Tu s roE iz ks 2BELC . Pythond 70277 Iy 7 icb@Bnsg/
552 LRWIfFEI NG, EHFIC, WHALBLEHLTHELATIEL W,

&<, Python ® 7 4 7% U matplotlib 25 2 Lic X b, WMl 77 7 % EN 2 D% &
T&/, ZODEXIBRTATITIDBEELTVSE DY Python DOV ESTH Y, HF]
HIATIVEROF B0 Python 7025 2 v 7 0¥ LA TH %, Python It. U5
FTwrue s 7 IvrEEThHY) (BlxiE, 2FEF6E S, X 5 i Colaboratory % i 5
TeREY, FETurIIvrklhovongd, €0, Av—1F 74 v EEvFER
C7m 77 IvyERLATCHITEZLES, £/, v 7 L3 EoRYED HP 56
download TZ 2 X HICT L TFETH %,

(GE) FFRLZEZKEARAZ—CThbh, ARTHR T2 LRI WEERH Y £3,]

22
itz A THER G I AV P2 L T EI o BHEBBEEZIZICD &3 2 @IFERY
KRB TAERABE S 27 L THEBIFRIER AN REED A v N —CEH 2 L £ T,

S & Xk
[1] KKREET: 777 vEH P2 One Point 27 &, 37 K. pp. 160(1986). 77 ¥

VHEBIICBIL T, Y Ial—va VERERLASL, WEELEME LAV S
SR

— 55 —



[2]
[3]

[4]
[5]
[6]

77 v viEBNCE ob %A ja.wikipedia.org/wiki/ 7 T v vEBNIC £ O b B L fiF

N

‘FHFESE @ Colaboratory TIRORIHEZHEL D 5 —a v sl zifivwcih k5> - Bor
FREE. 35%. 15, 75-80, (2020)

Google Colaboratory  https://colab.research.google.com/notebooks/intro.ipynb#
matplotlib.org https://matplotlib.org

U IRAFH: a2 E LI L ® 3 Python AM. =4 F kK. pp.255. (2018)

Wl I N T e 7L, ORI SO HP DU T 2L XY e — KT

EJESc A
https://katachi-jp.com/journal36
71y F &~2—X } T Colaboratory ® 2 — F e LV ICHE Y T ES®THTL

72 & W\,

— 56 —




